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Abstract 
In HLA-DQ8-associated celiac disease, TRAV26-2+-TRBV9+ and TRAV8-3+-TRBV6+ T cells 
recognize the immunodominant DQ8-glia-α1 epitope, whereupon a non-germline encoded 
arginine residue played a key role in binding HLA-DQ8-glia-1. Whether distinct TCR 
recognition modes exist for gliadin epitopes remains unclear.  TCR repertoire analysis 
revealed populations of HLA-DQ8-glia-α1 and HLA-DQ8.5-glia-Ȗ1 restricted TRAV20+-
TRBV9+ T cells that did not possess a non-germline encoded arginine residue. The crystal 
structures of a TRAV20+-TRBV9+ TCR-HLA-DQ8-glia-α1 complex and two TRAV20+-
TRBV9+ TCR-HLA-DQ8.5-glia-Ȗ1 complexes were determined.  This revealed the differential 
specificity towards DQ8-glia-α1 and DQ8.5-glia-Ȗ1 was governed by CDRγȕ loop mediated 
interactions. Surprisingly, a germline-encoded arginine residue within the CDR1 loop of the 
TRAV20+ TCR substituted for the role of the non-germline encoded arginine in the TRAV26-
2+-TRBV9+ and TRAV8-3+-TRBV6+ TCRs.  Thus in celiac disease, the responding TCR 
repertoire is driven by a common mechanism that selects for structural elements within the 
TCR that have convergent binding solutions in HLA-DQ8-gliadin recognition. 
 
Introduction 
 
Celiac disease (CD) is a chronic inflammatory disease of the small intestine that affects ~1.5% of 
Caucasians (Abadie et al., 2011; Di Sabatino and Corazza, 2009; Koning et al., 2015; Sollid and 
Jabri, 2013; Stamnaes and Sollid, 2015). A small number of gliadin and glutenin peptides derived 
from gluten elicit this inflammatory CD4+ T cell response (Abadie et al., 2011; Di Sabatino and 
Corazza, 2009; Tye-Din et al., 2010).  CD is predominantly limited to genetically predisposed 
individuals, namely those who express HLA-DQ2 (DQA1*0501-DQB1*0201) and/or HLA-DQ8 
(DQA1*0301-DQB1*0302) (Abadie et al., 2011; Karell et al., 2003). A third haplotype associated 
with CD is found in patients who are HLA-DQ2+ and HLA-DQ8+(Kooy-Winkelaar et al., 2011). 
These individuals can produce the trans dimer, HLA-DQ8.5 (DQA1*0501-DQB1*0302), which is 
formed by the HLA-DQβ.5 α–chain and the HLA-DQ8 ȕ–chain, and has a unique peptide-binding 
repertoire (van Lummel et al., 2012). 
 
The use of HLA-DQ tetramers has enabled an understanding of the responding T cell repertoire 
towards these HLA-DQ-restricted gliadin determinants.  Namely, the HLA-DQ2-gliadin and HLA-
DQ8-gliadin response in CD is characterized by biased T cell receptor (TCR) gene usage in the 
expanded CD4+ population, but not in healthy subjects (Broughton et al., 2012; Dahal-Koirala et al., 
2016; Petersen et al., 2014; Petersen et al., 2015; Qiao et al., 2014; Qiao et al., 2011) 
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 3 
(Christophersen et al., 2016). In HLA-DQ8+ CD patients the T cell population recognizing the 
immunodominant epitope, HLA-DQ8-glia-α1, is characteristically enriched in TRAV26-2+-
TRBV9+ T cells and, to a lesser extent, TRBV6+ T cells (Broughton et al., 2012; Petersen et al., 
2015). Consistent with the biased TCR repertoire, structural and biophysical analysis of the HLA-
DQ8-glia-α1 interaction with three representative TRAV26-2+-TRBV9+ TCRs and one TRAV8-3+-
TRBV6+ TCR revealed a high degree of structural and functional conservation (Broughton et al., 
2012; Petersen et al., 2015). Here, hypervariability within the CDR3 regions correlated with the 
TCRs avidity towards the gliadin determinants and their reactivity to its deamidation states. Of note 
was the presence of a non-germline encoded arginine residue in the CDRγα and CDR3ȕ loops of 
these TRBV9+ and TRBV9- TCRs, respectively.  These CDR3-derived arginine residues were 
crucial for recognition of HLA-DQ8-glia-α1 (Broughton et al., 2012; Petersen et al., 2015). 
Similarly, the T cell response towards the immunodominant DQ2.5-glia-αβ epitope was 
characterized by biased TRAV26-1+-TRBV7-2+ TCR usage, and was accompanied by a conserved 
non-germline encoded Arg residue within the CDR3 loop (Dahal-Koirala et al., 2016; Qiao et al., 
2014).    Structural studies on the TRBV7-2+ TCR-HLA-DQ2.5-glia-αβ complexes revealed that 
this arginine played a central role in contacting the glia-2 determinant and the HLA-DQ2.5 
molecule (Petersen et al., 2014).  Different TCR biases were also observed towards distinct HLA-
DQ2.5 gliadin epitopes.  Namely, the T cell response to DQ2.5-glia-1a and DQ2.5-glia-ω2 
determinants exhibited frequent usage of the TRAV4 gene, but no conserved usage in the Arg 
residue within the CDR3 loop was apparent (Petersen et al., 2014; Qiao et al., 2014; Qiao et al., 
2011).  The crystal structure of a TRAV4+ TCR-HLA-DQ2.5-glia-1a complex provided insight 
into the DQ2.5-glia-1a specificity and indicated that different gliadin epitopes are associated with 
distinct patterns of TCR usage (Petersen et al., 2014). 
 
While the immunodominant epitopes in CD are derived from the α-gliadin fraction of wheat, a sub-
population of gliadin reactive T cells respond to epitopes from the abundant Ȗ-gliadin fraction and 
contributes to the pathogenic T cell response (Kooy-Winkelaar et al., 2011) (Molberg et al., 1998). 
HLA-DQ8 and HLA-DQ8.5 can present both the immunodominant DQ8-glia-α-1 
(SGEGSFQPSQENP) and DQ8.5-glia-Ȗ-1 (QQPQQSFPEQERP) epitopes from their respective 
gliadin fractions (Kooy-Winkelaar et al., 2011). Furthermore T cell clones display cross-reactivity 
to HLA-DQ8 and HLA-DQ8.5 as they respond to their respective epitopes when presented by either 
HLA molecule (Kooy-Winkelaar et al., 2011). This study included one TRAV20+-TRBV9+ HLA- 
DQ8.5-glia-Ȗ-1 restricted T cell clone that contained an arginine in the CDRγȕ loop (Kooy-
Winkelaar et al., 2011).   How TCRs can interact with the DQ8.5-glia-Ȗ-1 determinant remains 
unclear however. 
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To ascertain the extent of CDR3 arginine residue selection in HLA-DQ8-gliadin recognition, we 
expanded our TCR repertoire and structural analysis of TCRs from T cell clones isolated from small 
intestinal biopsies of CD patients. We provide a structural basis for the recognition of DQ8-glia-α-1 
and DQ8.5-glia-Ȗ-1 in the context of HLA-DQ8 and HLA-DQ8.5 by TRAV20+-TRBV9+ TCRs. 
We show that the functional element of the canonical CDR3 arginine is substituted by a germline 
encoded arginine within the TCR -chain that acts as an adaptor for the two distinct gliadin 
peptides.  Thus, diverse TCR gene usage in CD converges to a consensus mode of recognition, 
which has implications for the potential druggability of this interaction as a novel means of 
immunotherapy to treat CD. 
 
Results 
TRAV20+-TRBV9+ TCR recognition of HLA-DQ8-glia-α1 and HLA-DQ8/8.5-glia-Ȗ1  
TCR sequence analysis of HLA-DQ8 restricted TRBV9+ T cell clones revealed two TRAV20+-
TRBV9+ TCRs from one individual (patient Bel; HLA-DQ8; HLA-DQA1*03/*03-
DQB1*0301/*0302), which each recognized a different gliadin epitope.  Namely, T cell clone 
Bel502 recognised HLA-DQ8-glia-1 (SGEGSFQPSQENP), while T cell clone Bel602 bound 
HLA-DQ8-glia-Ȗ1 (QQPQQSFPEQERP) (Table 1). The Bel502 and Bel602 TCRs differed only 
in their CDR3 sequences, and thus CDR3 variability accounted for recognition of these two 
sequence distinct gliadin determinants. Inspection of the CDR3 sequences revealed that both 
Bel502 and Bel602 TCRs lacked the non-germline arginine present in the CDR3loop of the 
majority of HLA-DQ8-glia-1 restricted TRAV26+-TRBV9+ TCRs (Broughton et al., 2012; 
Petersen et al., 2015). Although, from a previous study (Kooy-Winkelaar et al., 2011) we had 
identified an HLA-DQ8.5-glia-Ȗ1 restricted TRAVβ0+-TRBV9+ T cell clone (T15, Patient T; HLA-
DQ8.5, DQA1*0505/*0401 DQB1*0302/*0402), which carried an arginine in the CDR3  
(Table 1).  Accordingly, the TRAV20-TRBV9 pairing provided the framework for two distinct 
modes of peptide specificity that were solely determined by the CDR3 regions.  
 
Epitope specificity of the TRAV20+-TRBV9+ TCRs 
To probe the differences in peptide recognition by the three TRAV20+-TRBV9+ TCRs  (Bel502, 
Bel602 and T15) we measured the impact of single alanine substitutions in each position of the 
peptide on recognition by Bel502 and Bel602 and T15 in a T cell proliferation assay (Figure 1A-C). 
Similar to HLA-DQ8-glia-α1 restricted TRBV9+ T cell clones tested previously (Broughton et al., 
2012; Petersen et al., 2015), Bel502 was very sensitive to alanine substitution and effectively failed 
to recognize peptides with a substitution in positions p3 to p6 and p8 to p10 (Figure 1A). 
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Conversely, the HLA-DQ8-glia-Ȗ1 restricted Bel60β appeared to be more tolerant to changes in the 
peptide, as it only failed to recognize peptides with substitutions in p3, p5 and p7 (Figure 1B). As 
reported previously, the T15 TCR was sensitive to substitution of p3 and p5 to p9, (Kooy-
Winkelaar et al., 2011) (Figure 1C).  
 
Next, we used surface plasmon resonance (SPR) measurements to determine the affinities of the 
purified TCRs from Bel502, Bel602 and T15 clones, towards HLA-DQ8-glia-1, HLA-DQ8.5-glia-1, HLA-DQ8-glia-1 and HLA-DQ8.5-glia-1 (Figure 1D-F). The Bel502 bound to HLA-DQ8-
glia-1 and HLA-DQ8.5-glia-1 with a KD of 2.8  0.1µM and 19.5  0.7 µM, respectively 
(Figure 1D), but had no measurable affinity for DQ8/8.5-glia-1 (data not shown). Conversely, the 
Bel602 TCR and T15 TCR showed no measurable binding to HLA-DQ8-glia-1 or HLA-DQ8.5-
glia-1 (data not shown).  The affinities for HLA-DQ8-glia-1 and HLA-DQ8.5-glia-1 were KD = 
13.9  0.4 µM and 4.7  0.2 µM, respectively, for Bel602 TCR (Figure 1E), and KD  = 3.6  0.2 
µM and 2.0  0.1 µM, respectively, for the T15 TCR (Figure 1F). Therefore, while the three TCRs 
could recognize the cognate epitopes bound to HLA-DQ8 and HLA-DQ8.5, there was no cross-
reactivity between the gliadin epitopes. 
 
Structure of TRAV20+-TRBV9+ Bel502 TCR–HLA-DQ8-glia-α1 complex 
Next, to establish how the TRAV20+-TRBV9+ TCR (Bel502) engaged HLA-DQ8-glia-α1, we 
determined it’s ternary complex to β.6Å resolution (Figures 2A, 2B, 3, Table 2).  This provided us 
an opportunity to compare it to a previously determined TRAV26-2+-TRBV9+ TCR-HLA-DQ8-
glia-α1 complex (Figures 2C & 2D; (Broughton et al., 2012)).  Of interest, while an Arg within the 
CDR3α loop of the SP3.4 TRAV26-2+-TRBV9+ TCR was critical in binding HLA-DQ8-glia-α1, 
the Bel502 TCR did not possess an Arg within its CDR3α loop. Thus, despite its common TRBV9 
usage with the TRAV26-2+-TRBV9+ TCRs, it was unclear how Bel502 TCR would interact with 
HLA-DQ8-glia-α1. 
 
The Bel502 TCR engaged HLA-DQ8-glia-α1 approximately 70° with respect to the long axis of the 
antigen binding cleft (Figure 2B).  In comparison to the TRAV26-2+-TRBV9+ TCR, the Bel502 
TCR docked 2-3Å towards the glia-α1 peptide N-terminus (Petersen et al., 2015). Despite this 
shifted docking, the footprint of the TCR -chain, and associated key contacts with HLA-DQ8 and 
the DQ8-glia-1 peptide, was very similar to that observed in the TRAV26-2+-TRBV9+ ternary 
complexes (Figures 2A-D; (Broughton et al., 2012)).  For example, the positioning of the TRBV9 
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germline encoded residues Leuγ7ȕ and Tyr57ȕ, clustered within 1-1.5 Å in the TRAV26-2+-
TRBV9+ and TRAV20+-TRBV9+ complexes (Figures 3B, 4B) (Petersen et al., 2015). 
 
The buried surface area (BSA) upon complexation by the Bel502 TCR was approximately 1120Å2, 
which was higher than that typically observed for the TRAV26+-2-TRBV9+ TCR (circa 900Å2) 
(Broughton et al., 2012).  This was principally related to the footprint made by the Bel502 TCR -
chain being larger (56% BSA) than that mediated by the TCR -chain (average BSA of 45%) 
within the TRAV26-2+ TCR-HLA-DQ8-glia-1 complexes (Broughton et al., 2012). Indeed, the 
conformation of the TRAV20+ CDRα loops were distinct from those in the TRAV26+ TCR, with 
the functional involvement of each CDR loop appearing to be reassigned (Figures 3A, 3C).  
 
The CDRγα loop in the Bel502 TCR mostly avoided the central region of the Ag-binding cleft, and 
thus was quite distinct from the TRAV26+-TRBV9+ TCRs, whereby a conserved CDR3 arginine 
played a critical role in binding to P5-Gln and Phe58from HLA-DQ8 (Figure 3E) Instead, the N 
terminal region of the CDRγα loop of the Bel502 TCR was oriented towards the N-terminus of the 
peptide while its C-terminal portion made extensive van der Waals contacts with the N-terminal end 
of the HLA-DQ8 α-helix, including contacts with Phe58α (Figure 3C, 3F).  Although the CDR3 
loop of the Bel502 TCR did not possess an Arg residue, this was compensated by an Arg residue 
encoded within the CDR1 loop.  Here, Arg37 reached into the peptide-binding cleft, where its 
guanidinium group H-bonded to p3-Ser and stacked against the aromatic sidechain HLA-DQ8 
Phe58α (Figure 3F). Notably, the interaction of Arg37 was analogous to the CDRγα arginine 
residue in the TRAV26-2+-TRBV9+ TCRs (Figure 3E) (Broughton et al., 2012; Petersen et al., 
2015).   Thus, TCR interaction with HLA-DQ8-glia-1 appears to be driven by convergent binding 
solutions. 
 
TCR recognition of HLA-DQ8.5-glia-Ȗ1  
To understand how the responding T-cell repertoire bound HLA-DQ8.5-glia-Ȗ1, we determined the 
crystal structures of the Bel602 TCR-HLA-DQ8.5-glia-Ȗ1 and T15 TCR-HLA-DQ8.5-glia-Ȗ1 
ternary complexes with resolutions of 2.0 Å and 2.9Å, respectively (Figures 2E, 2F, 2G, 2H, 4, 5 
and Table 2).  Here, the DQ8.5-glia-Ȗ1 (PQQSFPEQE) determinant differed from the HLA-
DQ8/8.5-glia-α1 sequence (EGSFQPSQE). The majority of differences between the α-chain 
sequences of HLA-DQ8 (DQA1*0301/DQB1*0302) and HLA-DQ8.5 (DQA1*0501/DQB1*0302) 
were located distal to the peptide binding cleft (Figure 6). However, three differences were located 
within the peptide-binding cleft, creating an altered environment for the peptide N- and C-termini. 
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The corresponding residues Glu31, Arg52 and Ile72 in HLA-DQ8, were Gln31, a deletion in 
position 52 and Ser72 in HLA-DQ8.5 In HLA-DQ8-glia-α1 Arg5βα and Glu31 formed a part of 
the p1-pocket, which imparts a preference for an acidic p1 anchor residue (Henderson et al., 2007b). 
In HLA-DQ8.5-glia-Ȗ1 this position is occupied by the adjacent Phe51α (Figure 6), which 
contributes to a more hydrophobic p1 pocket (Kim et al., 2004; van Lummel et al., 2012). The 
DQ8.5-glia-Ȗ1 peptide was bound in an extended conformation with residues p1-Pro, p4-Ser, p6-
Pro, p9-Glu occupying the anchor positions in HLA-DQ8.5, with p3-Gln and p7-Glu acting as 
ancillary anchors (Figures 4E, 5E).  
 
Compared to the Bel502 TCR-HLA-DQ8-glia-α1 structure, the Bel60β TCR docking atop HLA-
DQ8.5-glia-Ȗ1 was shifted by 3-4Å towards the peptide C-terminus (Figures 2B, 2F).   
Nevertheless, Leu37 and Tyr57 from the CDR1 and CDR2 loops participated in similar 
interactions in the TRBV9+ TCR ternary structures (Figures 3B, 4B, 5B). Likewise, the interactions 
of CDR2α Tyr57 and of the proximal α-framework residue Lys66 were largely maintained across 
the TRAV20+ TCR ternary structures (Figures 3A, 4A, 5A). Hence, the interactions of both 
TRAV20 and TRBV9 encoded residues were maintained despite moderate shifts in the TCR 
docking position. Within the Bel60β TCR ternary complex, the CDR1α-mediated interactions were 
dominated by Arg37, which lay in an extended conformation against the HLA-DQ8.5 ȕ-chain 
residues Thr77ȕ and Val78ȕ, formed a salt bridge with Glu74ȕ (Figure 4A), and interacted with 
peptide residues, p5-Phe, and p3-Gln (Figure 4E). Thus, Arg37 occupied a region with a striking 
resemblance to that engaged by the arginine in the TCR-HLA-DQ8- glia-α1 structures (Figure 3E; 
(Broughton et al., 2012; Petersen et al., 2015)).   
 
The CDRγα of Bel60β interacted with both the HLA-DQ8.5 -chain and the peptide, and contacted 
the HLA-DQ8.5 ȕ-chain to a lesser extent (Figure 4C). The CDRγα loop adopted an S-shaped 
conformation, placing Asn112 and Tyr113 on either side of Phe58. Moreover, Tyr113 H-
bonded to Asp55 at the N-terminus of the -chain helix (Figure 4C), whilst Asn112 was 
situated centrally above the peptide and H-bonded to the peptide residues p2-Gln and p3-Gln 
(Figure 4E), as well as occupying the space between the aromatic sidechains of Phe58 (Figure 
4C) and p5-Phe (Figure 4E). Since the DQ8-glia-1 and DQ8-glia-1 peptides differ in p2, p3 and 
p5, Asn112 occupied a key position that underpins the peptide specificity of Bel602. The CDRγȕ 
sat atop the peptide and interacted with p5-Phe, p7-Glu, and p8-Gln (Figure 4E), and moreover, 
Val108 and Tyr114, contacted the HLA-DQ8.5 ȕ-chain (Figure 4D). Notably, Tyr114 formed 
H-bonds to both the ancillary peptide anchor p7-Glu (Figures 4E) and Arg70ȕ (Figures 4D). 
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Therefore both the CDR3 and CDR3loops contributed to the peptide specificity of the Bel602 
TCR by directly binding to peptide residues and HLA residues with conformations that distinguish 
HLA-DQ8-glia-1 from HLA-DQ8-glia-1. Conversely, the lack of affinity of the Bel602 TCR for 
HLA-DQ8-glia-1 can be attributed to CDR3interactions that would sterically hinder the 
positioning the key residues, such as Arg37, relative to the DQ8-glia-1 peptide.  
 
T15 TCR-HLA-DQ8.5-glia-Ȗ1 complex 
Unlike the Bel602 TCR, the T15 TCR possessed an Arg within its CDR3 loop, and it was of 
interest to compare how the T15 TCR and Bel602 TCR bound the DQ8.5-glia-Ȗ1 determinant.  The 
T15 TCR (Figure 2H) engaged HLA-DQ8.5-glia-Ȗ1 in a similar docking position to the Bel602 
TCR (Figure 2F), however its docking angle differed by approximately 8°. The salient features at 
the T15 TCR-HLA-DQ8.5-glia-Ȗ1 and Bel602 TCR-HLA-DQ8.5-glia-Ȗ1 interfaces were similar, 
including the role of the germline-encoded Arg37 from the TCR -chain (Figures 4A, 4F, 5A, 5E) 
as well as Leu37 and Tyr57 from the TCR -chain (Figures 4B, 4F, 5B, 5E). However, 
differences within the respective CDR3 loops manifested in some differing features at the TCR-
HLA-DQ8.5-glia-Ȗ1 interfaces. 
 
The SGGS sequence in the T15 CDR3 loop (Table 1) made multiple van der Waals contacts with 
Phe58 and H-bonded to Asp55 of HLA-DQ8.5 (Figure 5C). Interactions with the peptide were 
mediated chiefly by Tyr113, which H-bonded to p2-Gln and occupied the space between Phe58 
of HLA-DQ8.5 and p5-Phe of the peptide (Figure 5C, 5E). Thus, Asn112 of the Bel602 TCR and 
Tyr113 of the T15 TCR played analogous structural roles. The T15 CDRγȕ loop mirrored the 
interactions of the Bel602 CDRγȕ, despite being structurally distinct. The T15 CDRγȕ formed an 
intricate interface with the peptide and the HLA-DQ8.5 ȕ-chain, whilst peripherally contacting the 
HLA-DQ8.5 -chain (Figures 5D, 5E). Its peptide contacts involved p5-Phe, p6-Pro, p7-Glu and 
p8-Gln (Figure 5E), and therefore it contributed to peptide specificity in much the same way as 
CDR3ȕ in the Bel602 TCR (Figure 4E).  The CDR3ȕ arginine, Arg109, occupied a central position 
underneath the loop, where it H-bonded to the peptide backbone of p6-Pro, formed a salt bridge 
with p7-Glu and interacted with Arg70ȕ of the HLA-DQ8.5 ȕ-chain (Figures 5D, 5E). The 
electrostatic repulsion between Arg109ȕ and Arg70 was compensated by Asp114 forming a salt 
bridge with Arg70ȕ (Figure 5D, 5E). Therefore, T15 CDR3 residues Arg109 and Asp114 
formed part of a charged network that fulfilled the same function as Tyr114 from the CDR3 loop 
of the Bel602 TCR, namely to lock on to the ancillary anchor residue p7-Glu.  
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Energetics in TCR-DQ8-glia-α1 and TCR-DQ8.5-glia-Ȗ1 interactions 
To determine the energetic contributions of individual TCR residues to pHLA recognition we 
undertook a broad based mutagenesis/SPR approach, as conducted previously in other TCR-
peptide-MHC (pMHC) systems (Borg et al., 2005; Gras et al., 2012).  Namely, we generated nine 
point mutants of the Bel502 TCR (Arg37Ala, Tyr57Ala, Lys66Ala, Asn109Ala, Asn110Ala, 
Asn114Ala, Leu37Ala, Tyr57Ala, Arg66Ala) and 11 of the Bel602 TCR  (Arg37Ala, 
Tyr57Ala, Lys66Ala, Met109Ala, Asn112Ala, Tyr113Ala, Leu37Ala, Tyr57Ala, 
Arg66Ala, Tyr114Phe, Tyr114Ala) and subsequently determined their affinities for HLA-DQ8-
glia-α1, HLA-DQ8.5-glia-α1 and HLA-DQ8.5-glia-Ȗ1 (Figure 7, Figure S1). Two of the three 
Bel502 TCR ȕ-chain substitutions, Leu37 and Tyr57, were essential for recognition of HLA-
DQ8-glia-α1, consistent with the role these positions played in mediating TRAV26-2+-TRBV9+ 
recognition of HLA-DQ8-glia-α1. Alanine substitution of the Bel50β TCR α-chain residues Arg37, 
Tyr57, Lys66, Asn109, and Asn114 had a significant impact on recognition of HLA-DQ8-
glia-α1 (> 5x increased KD) (Figures 7A, 7B), thereby forming one “energetic hot spot” of this 
interaction. A second energetic hotspot of the Bel502 TCR -chain was formed by Tyr57 from the 
CDR2 loop, and the -framework residue Lys66, which both interacted with HLA-DQ8 -chain 
helix. The affinities of the Bel502 mutants for HLA-DQ8.5-glia-α1 were altogether lower than for 
HLA-DQ8-glia-α1, however the relative energetic contributions of individual Bel50β residues on 
recognition of HLA-DQ8-glia-α1 HLA-DQ8.5-glia-α1 followed the same pattern, suggesting that 
the trans encoded -chain of HLA-DQ8.5 did not interfere with individual TCR-pMHC interactions, 
but rather had a global effect on affinity (Figures 7A).  
 
The residues most important for recognition of HLA-DQ8.5-glia-Ȗ1 by Bel60β were the TCR α-
chain residues Arg37, Tyr57, Asn112 and Tyr113, and the TCR ȕ-chain residues Tyr57 and 
Tyr114. Moreover, substitution of either -framework residue Lys66 and CDR1 Leu37 had a 
significant impact (Figures 7C, 7D). Therefore, Bel602 appeared to depend on the same pattern of 
germline encoded residues for recognition of HLA-DQ8.5-glia-Ȗ1 as Bel50β used for recognition of 
HLA-DQ8-glia-1.  
 
The energetically important non-germline encoded residues in Bel602 were Asn112, Tyr113 and, 
to a lesser degree, Met109 from the CDRγα loop as well as Tyr114 from the CDRγȕ loop, which 
broadly reflected that found for the Bel502 TCR. To exclude the possibility that the loss of affinity 
of the Tyr114Ala by was caused by indirect effects, we generated the Tyr114Phe mutant and 
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observed the same loss of recognition. Therefore, recognition of the ancillary anchor point p7-Glu 
by CDR3 Tyr114 constituted an energetic hotspot absent in Bel502.  
 
Interestingly, the key energetic contacts made by non-germline encoded residues of Bel502 TCR 
and of Bel602 TCR generally involved peptide residues that differed between DQ8-glia-α1 and 
DQ8.5-glia-Ȗ1, thereby providing a basis for understanding the epitope specificity of these TCRs.  
Therefore, the selection of TRAV20+-TRBV9+ TCRs by two different gliadin epitopes can be 
rationalized through the tolerance of the respective TCR germline- HLA-DQ8/8.5 interactions to 
moderate changes in the TCR docking geometry. This positional flexibility facilitates selection of 
fitting non-germline residues that interact with both the peptide and HLA-DQ8 and HLA-DQ8.5. 
 
Discussion 
Although humans have been consuming wheat for thousands of years and about 40% of the 
Western population are HLA DQ2+, HLA-D8+, or both, the incidence of CD is only ~1.5%. Hence, 
as is proposed for autoimmune diseases, whilst HLA alleles are necessary they are not sufficient to 
precipitate disease. In ‘‘multiple hit models” of autoimmune disease pathogenesis, HLA alleles 
along with other genes and environmental factors/events combine to precipitate disease onset 
(Koning, 2014). Although gluten is a non-self antigen, the genetic pathways and susceptibility loci 
of CD have many aspects in common with autoimmune disease (Abadie et al., 2011; Jabri and 
Sollid, 2009; Koning et al., 2015) and anti-tissue transglutaminase (TG2) positive antisera is a 
diagnostic criteria for CD. Nevertheless, central to CD is the interaction between the TCR and the 
dietary antigen presented by HLA DQ2/8, and this study has shed further fundamental insight into 
this process. 
 
Here we undertook a structural and functional analysis of the TCRs Bel502, Bel602 and T15 with 
the aims to elucidate the structural basis for 1) the selection of the TRAV20+-TRBV9+ pairing by 
different epitopes; 2) the non-germline driven epitope specificity; 3) the cross-reactivity between 
HLA-DQ8 and HLA-DQ8.5 and 4) the apparent departure from the archetypical blueprint of 
CDR3-derived arginine containing TRBV9+ TCRs (Broughton et al., 2012; Petersen et al., 2015).  
Such studies provide important insight into the pathogenesis of CD, and more generally illuminates 
the fundamental properties of TCR-pMHC interactions (Rossjohn et al., 2015). 
 
We have previously shown that gliadin specific T cells can cross-react with their respective 
antigenic peptide presented both by HLA-DQ8 (DQA1*0301/DQB1*0302) and by HLA-DQ8.5 
(DQA1*0501/DQB1*0302) (Kooy-Winkelaar et al., 2011). The present data allowed us to examine 
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the structural basis for the HLA-DQ8/HLA-DQ8.5 cross-reactivity of the DQ8-glia-α1 specific 
TCRs Bel502 and T316, and the DQ8.5-Ȗ1 specific TCRs Bel60β and T15 isolated from two HLA-
DQ8+ and HLA-DQ8.5+ individuals. Consistent with the observed HLA cross-reactivity, the TCR 
footprints did not overlap with the differences in the HLA-DQ α-chains in any of the structures, 
showing that this cross-reactivity is attributable to “missing the differences”, and represents a form 
of molecular mimicry (Macdonald et al., 2009). 
 
We previously reported that in HLA-DQ8 associated CD, TRBV9 germline encoded elements drive 
selection of HLA-DQ8-glia-α1 restricted TRAVβ6-2+-TRBV9+ TCRs with a non-germline encoded 
arginine in CDRγα (Broughton et al., 2012; Petersen et al., 2015). The present data adds more 
weight to this concept by extending it to the selection of TRAV20+-TRBV9+ TCRs by the same 
TRBV9 encoded elements. Intriguingly, TRAV20 has the capacity to use a germline-encoded Arg 
in an analogous functional role to that of the non-germline encoded Arg in the TRAV26-2+-
TRBV9+ TCRs.  Moreover, Arg37α can adapt to the spatial requirements of two different peptides 
through subtle repositioning of the TCR docking and allows for positional variability in the CDR3 
loops that determine the peptide specificity of the interaction.  
 
Notably, we and others observed a similar mechanism in HLA-DQ2.5 associated CD, where the 
immunodominant epitope HLA-DQ2.5-glia-αβ is recognized by a T cell population enriched in 
TRBV7-2+ TCRs with an important arginine residue in the CDRγȕ region (Petersen et al., 2014; 
Qiao et al., 2014; Qiao et al., 2011). Based on the combined structural and functional data we 
hypothesized that the selection of TCRs carrying a non-germline encoded arginine in either the 
CDRγα or in CDRγȕ region by immunodominant gliadin epitopes is a defining feature of the T cell 
immune response in CD and may represent an important clue to understanding disease onset and/or 
progression (Petersen et al., 2014). Collectively, our present data amounts to a striking convergence 
of structural elements involved in TCR of different immunodominant gliadin epitopes. Specifically, 
each epitope favours the selection of TCRs with a functionally conserved arginine in a particular 
structural position.  
 
The relatively high affinity of HLA-DQ2/8-gliadin restricted TCRs is more in keeping with that 
observed for TCRs recognising microbial derived antigens (Rossjohn et al., 2015). It has recently 
been reported that TCRs encoding hydrophobic residues at positions 6 and 7 (P6 and P7) of their 
CDR3 loops are predisposed to being self-reactive (Stadinski et al., 2016). Using the “Self-
reactivity Index” described by Stadinski et al. (β016), only 20% (8 of 40) of the gliadin reactive 
TCRs we have described (Broughton et al 2012, Petersen et al 2014,2015, this study) have a P6, P7 
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doublet indicative of a TCR that promotes self-reactivity. Thus, differing TCR-centric mechanisms 
exist that promote self-reactivity. Moreover, our study represents a salient example of how the 
germline-encoded regions of a TCR can determine peptide-specificity.   Given that a sizeable 
number of TCRs exhibit germline-encoded interactions with the HLA-bound peptide (Rossjohn et 
al., 2015), it indicates that the prevailing view in the field that non-germline-encoded interactions 
(CDR3 loops) determine peptide specificity needs revision (Garcia, 2012). 
 
Considering the broader view of CD, the consistent use of these structural elements in the context of 
different gliadin epitopes, suggests the presence of a common overarching mechanism in the 
selection process of biased TCR repertoires observed in this disease.  The convergence of the TCR-
HLA-DQ8 docking footprints suggests that this site of interaction is potentially druggable, thereby 
providing an opportunity for the development of novel therapeutics to treat CD. 
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Methods 
Gluten-specific T cell clones 
The HLA-DQ8/DQ8.5-glia-α1 specific T cell clone T316 and the HLA-DQ8/DQ8.5-glia-Ȗ1 
specific T cell clone T15 have been previously described and were isolated from Patient T, HLA-
DQA1*0501/*0401- HLA-DQB1*0302/*0402 (HLA-DQ8.5/DQ4 heterozygous (Kooy-Winkelaar 
et al., 2011; Petersen et al., 2015). The HLA-DQ8/DQ8.5-glia-α1 specific T cell clone Bel502 has 
been described previously (Petersen et al., 2015); and was just like the HLA-DQ8/DQ8.5-glia-Ȗ1 
specific T cell clone Bel602 T cell clones isolated from patient Bel, HLA-DQA1*03/*03-
DQB1*0301/*0302.  The study was approved by the Medical Ethics Committees of the Free 
University Medical Center and the Leiden University Medical Center. Written informed consent 
was obtained from each subject before enrolment. 
Peptides 
Peptides were synthesized as described (Kooy-Winkelaar et al., 2011)  
T cell proliferation assays 
T cell proliferation assays were performed as described (Kooy-Winkelaar et al., 2011). Briefly, 
assays were performed in triplicate in 150 ml IMDM supplemented with glutamine (Life 
Technologies/Invitrogen, Grand Island, NY) and 10% human serum in 96-well flat-bottom plates. 
30,000 mitomycin C-treated Peptide loaded APC were mixed with 15,000 T cells. Synthetic 
peptides were used at a final concentration of 6 mg/ml. After 48 h at 37°C, cultures were pulsed 
with 0.5 mCi [3H]thymidine and harvested 18 h later. 
 
Isolation and sequencing of TCRs 
Isolation and sequencing of TCRs was performed as described (Broughton et al., 2012) 
 
Mutagenesis, protein expression and purification.  
HLA-DQ8/8.5-glia-α1 (DQ8/8.5-glia-α1: PSGEGSFQPSQENPQ), HLA-DQ8/8.5-glia-1 
(DQ8/8.5-glia-1: QPQQSFPEQE), and HLA-DQ2.5-glia-α1 (DQ2.5-glia-α1: QPFPQPELPYP) 
with epitopes (HLA binding register indicated in bold) covalently linked to the -chain N-terminus 
were produced via baculovirus mediated insect cell expression as described (Broughton et al., 2012; 
Henderson et al., 2007a; Petersen et al., 2014; Petersen et al., 2015). TCR DNA sequences were 
codon optimized for expression in E. coli and synthesized (gBlocks; Integrated DNA Technologies), 
and cloned into the pET30 expression vector. TCRs containing an introduced interchain disulfide 
bond between their constant domains were produced via refolding of TCR α- and -chain E. coli 
inclusion body preparations followed by purification as described previously (Boulter et al., 2003; 
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Broughton et al., 2012; Garboczi et al., 1996; Petersen et al., 2014; Petersen et al., 2015). pET30 
DNA constructs encoding TCR point mutants were produced using gBlock DNA fragments 
synthesised by Integrated DNA Technologies (Coralville, IA).  
The α- and -chains of the HLA-DQ2.5/DQ8/8.5-gliadin constructs had C-terminal enterokinase 
cleavage sites separating a fos-jun leucine zipper domain, respectively. The C-terminus of the HLA-
DQ8-gliadin -chain also contained BirA recognition sequence for biotinylation followed by a 
polyhistidine tag for purification.  The fos-jun leucine zipper and tags were removed via 
enterokinase digestion (Genscript) prior to co-purification of the HLA-DQ8/8.5-gliadin protein with 
TCRs on a Superdex 200 size-exclusion chromatography column (GE healthcare), concentration to 
10mg/ml in TBS (10 mM Tris, pH 8.0, 150 mM NaCl) and subsequent crystallization (Broughton et 
al., 2012; Petersen et al., 2014; Petersen et al., 2015).  
 
Crystallization, data collection and processing.  
Crystallisation was carried out by the hanging drop vapor diffusion method using a protein to 
mother liquor ratio of 1:1. The mother liquors used for crystallization were 0.2M Na-Acetate, 22% 
PEG8000, 0.1M Tris pH 8.0 for the BelͷͲʹ TCR-HLA-DQ8-glia-1 complex, 0.1 M Ca-Acetate, 
22-18 % PEG3350, 0.1M Tris pH 8.0 for the Bel͸Ͳʹ TCR-HLA-DQ8.5-glia-1 complex, and 8% 
Tacsimate pH 7.5, 20% PEG3350 for the Tͳͷ TCR-HLA-DQ8.5-glia-1 complex. Crystals were 
transferred into mother liquor supplemented with 18% PEG400 or 18% ethylene glycol in the case 
of Bel͸Ͳʹ TCR-HLA-DQ8.5-glia-1, and frozen in liquid N2. Data was collected at the microfocus 
beamline (MX2) of the Australian Synchrotron (Clayton, Victoria) (McPhillips et al., 2002), and 
processed using MOSFLM and SCALA from the CCP4 program suite (Winn et al., 2011) (refer to 
table S1 for data collection and refinement statistics).  
 
Structure determination, refinement and validation.  
The structures were solved by molecular replacement in PHASER using the S13 TCR and HLA-
DQ8-glia-1 from the corresponding ternary complex (PDB entry 4Z7U) as separate search models 
(Storoni et al., 2004). Iterative rounds of model building in Coot (Emsley and Cowtan, 2004) and 
restrained refinement using the programs, PHENIX (Adams et al., 2010) and BUSTER 
(http://www.globalphasing.com/buster/) were carried out as described earlier (Broughton et al., 
2012; Petersen et al., 2015). 
 
Surface plasmon resonance.  
Surface plasmon resonance (SPR) measurements were carried out as described earlier (Broughton et 
al., 2012; Petersen et al., 2014; Petersen et al., 2015) using a BIACORE 3000 instrument (GE 
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healthcare). Briefly, biotinylated pMHCs were surface immobilized on a CAP chip (GE healthcare) 
to between 900 and1200 response units of immobilized protein. In each experiment three of the four 
pMHCs HLA-DQ8.5-glia-1, HLA-DQ8.5-glia-1, HLA-DQ8-glia-1 or HLA-DQ8.5-glia-1 
were measured in parallel, and HLA-DQ2.5-glia-1 was used as negative control for background 
correction. Dilution series of each TCR were passed over the surface in 20mM HEPES, 150mM 
NaCl, 1mM EDTA and 0.01 % TWEEN20 at a flow rate of 10 µl/ml. Background correction and 
data analysis was subsequently carried out using Sigmaplot 12.5 (Systat Software). 
 
ACCESSION CODES 
The X-ray crystal structures of Bel502 TCR-DQ8-glia-α1, Bel602 TCR-DQ8.5-glia-Ȗ1, and T15 
TCR-DQ8.5-glia-Ȗ1 have been deposited in the PDB with the following accession codes: 
5KS9,  5KSA, and 5KSB, respectively. 
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Figure Legends 
Figure 1. Determination of TRAV20+-TRBV9+ TCR Specificity and Affinity  
 
(A-C) Effect of alanine substitutions in the antigenic peptides on T cell recognition. Variants of 
DQ8–glia-α1 (SGEGSFQPSQENP) and DQ2-glia-Ȗ1 (QQPQQSFPEQERP), carrying an alanine 
instead of the original amino acid at the indicated positions, were tested for recognition by clones 
Bel502 (A), Bel602 (B), and T15 (C) in the presence of DQ8-homozygous EBV-LCL. The bar on 
the left hand side represents the response to the unmodified peptide. The data are representative of 
at least two experiments. (D-F) SPR affinity measurements with the TCRs Bel502 (D), Bel602 (E) 
and T15 (F).  TCR affinities for immobilised HLA-DQ8/8.5–glia-α1 and HLA-DQ8/8.5–glia- Ȗ1 
were determined using dilution series of TCRs with a maximal concentration of 48 μM (and 96 μM 
depending on protein availability). Two independent experiments were performed for Bel502 and 
Bel602 (D, E) and one experiment for T15 (F). Data for TCRs with no measureable affinity for 
HLA-DQ-gliadins not shown. 
 
Figure 2. Structural overview of TCR-pMHC complexes. 
(A, C, E, G) Cartoon representation of TCR-pMHC complexes. (B, D, F, H) Surface representation 
of TCR footprints and TCR docking. (A, B) Bel502 TCR-DQ8-glia-α1. (C, D) SP3.4 TCR-DQ8-
glia-α1. (E, F) Bel602 TCR-DQ8.5-glia-Ȗ1. (G, H) T15 TCR-DQ8.5-glia-Ȗ1. Vα and Vȕ centre of 
mass positions are shown as connected black circles. The HLA-DQ8 - and -chain are coloured 
light green and light yellow, respectively, and the peptide is shown as grey sticks. The CDR loops 
1, 2, 3, 1, 2 and 3 are colored red, pink, cyan, orange, magenta and blue, respectively, and 
framework residues are coloured green. TCR footprint colours are in accordance with nearest TCR 
contact residue. 
  
Figure 3. Structure of the Bel502-HLA-DQ8-glia-α1 complex and comparison with the SP3.4-
HLA-DQ8-glia-α1 complex. 
(A-D) Interactions between HLA-DQ8 and Bel502 TCR and SP3.4 TCR: (A) CDR1α and CDR2α 
of Bel502; (B) CDR1ȕ and CDR2ȕ of Bel502 and SP3.4 (transparent) overlay; (C) CDR3α of 
Bel502; (D) CDR3ȕ of Bel502. (E) Interactions between SP3.4 and the DQ8-glia-α1 peptide. (F) 
Interactions between Bel502 and the DQ8-glia-α1 peptide. The HLA-DQ8 -chain, -chain and 
peptide are colored light green, light yellow and grey, respectively, and the CDR loops 1, 2, 3, 
1, 2 and 3 are colored red, pink, cyan, orange, magenta and blue, respectively. (A) CDR1α 
Arg37 reaches across the peptide and interacts with Phe58α. CDR2α Tyr57 and framework residue 
Lys66 form an adaptable interface with the HLA-DQ8 -chain helix. (B) CDR1ȕ Leu37 and 
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CDR2ȕ Tyr57 form interactions with the HLA-DQ8 -chain helix that are conserved between the 
Bel502 and SP3.4 TCRs as well as across other TRBV9+ TCRs. (C) CDR3α forms an extensive 
interface with HLA-DQ8 Phe58α. (D) The CDR3 HLA-DQ8 spans the peptide binding cleft and 
contacts both HLA-DQ8 - and -chain. (E) The SP3.4 TCR forms H-bonds with the DQ8-glia-α1 
peptide residues p1-E, p3-S, p5-Q and p8- -bonds to p3-S and p5-Q. (F) The 
Bel502 TCR forms H-bonds with the DQ8-glia-α1 peptide residues p-1-Gly, p3-Ser, p5-Gln and p8-
Gln. CDR1 Arg37 H-bonds to p3-Ser and p5-Gln. The peptide interactions involving TRBV9 
germline encoded residues CDR1 Leu37 and CDR2 Tyr57 are conserved across TRBV9+ TCRs.  
 
Figure 4. Structure of the Bel602-DQ8.5-glia-Ȗ1 complex. 
(A-D) Interactions between HLA-DQ8.5 and (A) CDR1α and CDR2α, (B) CDR1ȕ and CDR2ȕ, (C) 
CDR α, and (D) CDR3ȕ of Bel602. (E) Interactions between Bel602 and the DQ8.5-glia-α1 peptide 
(grey sticks). The HLA-DQ8.5 - and -chain are colored light green and light yellow, respectively, 
and the CDR loops 1, 2, 3, 1, 2 and 3 are colored red, pink, cyan, orange, magenta and blue, 
respectively. A CDR1 Arg37 is positioned close to the HLA-DQ8.5 -chain and forms a salt 
bridge with HLA-DQ8.5 Asp76 2a Tyr57 forms an adaptable interface with the HLA-
DQ8.5 -chain helix. (B) CDR1ȕ Leu37 and CDR2ȕ Tyr57 form conserved interactions with the 
HLA-DQ8 -chain helix. (C) CDR3α adopts an S-shaped conformation and forms extensive 
contacts with HLA-DQ8.5 Phe58 Asp . (D) CDR3 Tyr114 H-
bonds to HLA-DQ8.5 Arg70 (E) The Bel602 TCR forms H-bonds to the DQ8.5-glia-1 peptide 
residues p2-Gln, p3-Gln, p7-Glu and p8-Gln. CDR3 and CDR3ȕ form an extensive van der Waals 
interface with p5-Phe. CDR1 Arg37 H-bonds to and p2-Gln, p3-Gln and p5-Gln and contacts p5-
Phe. 
 
Figure 5. Structure of the T15-DQ8.5-glia-Ȗ1 complex. 
(A-D) Interactions between HLA-DQ8.5 and (A) CDR1α and CDR2α, (B) CDR1ȕ and CDR2ȕ, (C) 
CDR3α, (D) CDR3ȕ. (E) Interactions between T15 and the DQ8.5-glia-Ȗ1 peptide (grey sticks). 
The HLA-DQ8.5 - and -chain are colored light green and light yellow, respectively, and the 
CDR loops 1, 2, 3, 1, 2 and 3 are colored red, pink, cyan, orange, magenta and blue, 
respectively. 
 
Figure 6. Impact of polymorphisms in HLA-DQ8 and HLA-DQ8.5 on peptide specificity and 
TCR recognition. 
 (A, B) The differential peptide specificity of HLA-DQ8 and HLA-DQ8.5 is determined by 
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polymorphisms within the peptide binding cleft (shown as orange sticks). Positions 31 and 52 of the 
HLA-DQ8/8.5 
anchor residue at this position. Differences between HLA-DQ8 and HLA-DQ8.5 (red) do not 
overlap with TCR contact residues (blue). The lack of overlap explains why each TCR can 
recognize its cognate peptide in the context of both HLA-DQ8 and HLA-DQ8.5. (A) Overlay of 
HLA-DQ8-glia-1 in ternary complex structures with the Bel502 and T316 TCRs. In HLA-DQ8 
the charged residues Glu31 and Arg52
HLA-DQ8.5-glia-1 in ternary complex structures with the Bel602 and T15 TCRs. Position 31 in 
HLA- 
occupied in the p1 pocket by Phe51. This  creates a more hydrophobic p1 pocket. 
 
Figure 7. Energetic hot spots   
Effect of TCR point mutations at the pMHC interface. (A, C) Measured affinities determined by 
SPR. Error bars represent the standard error of the fit to all data (derived from two independent 
experiments for each TCR mutant). The graphs were truncated at a KD value of 150 M. TCR 
mutants with undetectable binding therefore do not have error bars. (B, D) Position of 
mutations tested. Residues were coloured according to their impact on KD values: >10x: red, 
>5x KD orange, >3x KD yellow, <3x KD green. (A) Affinities of the Bel502 TCR and Bel502 
interface mutants for surface bound HLA-DQ8-glia-α1 (filled bars) and HLA-DQ8.5-glia-α1 
(striped bars). (B) Mutants at the Bel502-pMHC interface. (C) Affinities of the Bel602 TCR and 
Bel602 interface mutants for surface bound HLA-DQ8.5-glia-γ1. (D) Mutants at the Bel602-
pMHC interface. See also Figure S1. 
 
Figure 8. Clustering of arginine residues at the interface of TCRs and HLA-gliadin epitopes. 
Each epitope, HLA-DQ8-glia-1 and HLA-DQ8.5-glia-1 is recognized by TCRs with an arginine 
in a specific position relative to the peptide. In the case of HLA-DQ8-glia-1 the arginine can be 
provided by either CDR1  (cyan) or CDR3
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Figure S1, related to Figure 7. SPR affinity measurements  
SPR affinity measurements with TCR point mutants. KD values were calculated by fitting normalized data from two 
independent measurements with maximal TCR concentrations of 48 or 96 M.  RU – response units. 
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Table 1 TRAV and TRBV gene usage and CDR3 sequences of T cell clones 
Clone Restrictiona TRAVb TRAJ CDR1 CDR2 CDR3 TRBV  TRBD  TRBJ CDR1ȕ CDRβȕ CDR3 
Bel502c DQ8-glia-α1 20*01 39*01 VSGLRG LYSAGEE C AVALNNNAGNMLT FG 9*01 1*01 2-3*01 SGDLS SNEGSKA CAS SVAPGSDTQ YFG  
Bel602 DQ8-glia-Ȗ1 20*01 33*01 VSGLRG LYSAGEE C AVQFMDSNYQLI  WG 9*01 1*01 2-7*01 SGDLS SNEGSKA CAS SVAGTPSYEQ YFG 
T316d DQ8.5-glia-α1 8-3*01 36*01 YGATPY YGATPY C AVGETGANNLF   FG 6-1*01 2*02 2-1*01 MNHNS SASEGT CAS SEARRYNEQ FGP 
T15d DQ8.5-glia-Ȗ1 20*02 6*01  VSGLRG LYSAGEE C AVQASGGSYIPT  FG 9*01 1*01 2-3*01 SGDLS SNEGSKA CAS SNRGLGTDTQ YFG 
aDQ8/8.5 epitope nomenclature according to Sollid et al (Sollid et al., 2012); 
bTCR variable gene usage as described in IMGT-V-QUEST database (Brochet et al., 2008); 
cTRAV and TRBV usage and CDR sequences previously published (Petersen et al., 2015); 
d
 TRAV and TRBV usage and CDR sequences previously published (Broughton et al., 2012) 
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Table 2.  Data collection and refinement statistics. 
 Bel502-HLA-DQ8-glia-1 Bel502-HLA-DQ8.5-glia-1 T15-HLA-DQ8.5-glia-1 
Wavelength (Å) 0.9686 0.9537 0.9537 
Resolution (Å)  46.9  - 2.55 (2.641  - 2.55) 45.75  - 2.0  (2.071  - 2.0) 
85  - 2.9 
(3.004  - 2.9) 
Space group P 1 21 1 P 1 21 1 P 21 21 21 
Unit cell  a b c 
                74.56 56.87 232.05 90 92.77 90 62.548 98.83 80.175 90 95.69 90 115.89 125.05 165.63 90 90 90 
Total reflections 123381 (12135) 130970 (13040) 105795 (10287) 
Unique reflections 63405 (6276) 65534 (6527) 53672 (5253) 
Multiplicity 1.9 (1.9) 2.0 (2.0) 2.0 (2.0) 
Completeness (%) 98.84 (99.04) 99.98 (99.97) 99.38 (98.96) 
Mean I/sigma(I) 5.52 (1.78) 12.52 (2.71) 8.70 (2.06) 
Wilson B-factor 25.13 31.38 42.96 
R-merge 0.097 (0.409) 0.0299 (0.297) 0.079 (0.454) 
R-meas 0.1377 0.04224 0.1121 
CC1/2 0.958 (0.781) 0.998 (0.856) 0.994 (0.802) 
CC* 0.989 (0.937) 1 (0.96) 0.999 (0.944) 
R-work (%) 21.20 (27.92) 0.16.75 (24.74) 0.23.05 (33.07) 
R-free (%) 23.82 (24.78) 0.20.62 (28.20) 27.00 (45.22) 
Number of non-hydrogen 
atoms 
13552 7248 13111 
  macromolecules 12756 6579 12836 
  ligands 60 15 112 
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  water 736 634 163 
Protein residues 1615 820 1623 
RMS(bonds) 0.014 0.013 0.012 
RMS(angles) 1.67 1.72 1.69 
Ramachandran favoured 
(%) 
97 97 97 
 
Ramachandran outliers 
(%) 
0 0.38 0.19 
Clashscore 3.69 1.86 4.64 
Average B-factor 36.20 45.60 54.60 
  macromolecules 36.30 44.90 54.50 
  ligands 79.20 69.40 103.40 
  solvent 30.30 52.30 29.20 
 
 
 
 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
0 50 100 150 200 250 300
0
200
400
600
800
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
a r P
a r P
g
aa
HLA-DQ8.5-glia-g1       KD = 4.7 r0.2 PM
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 100 200 300
0
200
400
600
800
HLA-DQ8-glia-g1          KD = 13.9 r0.4 PM
P
P
time (s)                       time (s)                       
time (s)                                    concentration  (PM)
R
U
n
o
rm
a
liz
e
d
  
R
U
time (s)                                    concentration  (PM)
R
U
n
o
rm
a
liz
e
d
  
R
U
E
FIGURE	1
0 50 100 150 200 250 300
0
200
400
600
800
1000
0 50 100 150 200 250 300
0
200
400
600
800
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
Bel502 HLA-DQ8-glia-a1        KD = 2.8 r0.1 PM
HLA-DQ8.5-glia-a1      KD = 19.5 r0.7 PM
HLA-DQ8.5-glia-g1
aa
g r P
g r P
time (s)                                    concentration  (PM)
R
U
n
o
rm
a
liz
e
d
  
R
U
time (s)                                    concentration  (PM)
R
U
n
o
rm
a
liz
e
d
  
R
U
P
P
D
a
time (s)                       
time (s)                                    concentration  (PM)
R
U
0 50 100 150 200
0
200
400
600
800
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
n
o
rm
a
liz
e
d
  
R
U
0 50 100 150 200
0
200
400
600
800
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
HLA-DQ8.5-glia-g1       KD = 2.0 r0.1 PM
time (s)                                    concentration  (PM)
R
U
HLA-DQ8-glia-g1         KD = 3.6 r0.2 PMF
A A A A A A A A A A A A A
0
5000
10000
15000
20000
        S   G   E    G   S    F   Q    P   S   Q    E    N   P
                 p1    2    3    4    5    6    7    8    9
C
O
U
N
T
S
Bel 502
A A A A A A A A A A A A A
0
5000
10000
15000
        Q   Q   P   Q   Q    S    F    P   E   Q   E    R   P
                  p1   2    3    4    5     6   7    8    9
C
O
U
N
T
S
T15
A A A A A A A A A A A A A
0
10000
20000
30000
40000
50000
        Q   Q   P    Q   Q   S    F    P   E   Q   E   R    P
   p1    2    3    4    5    6    7   8    9
C
O
U
N
T
S
Bel 602
Bel 502
T15
Bel 602
A
C
B
Figure1
Bel502																																					SP3.4																																				Bel602																																					 T15
A C E
D F H
G
B
HLA-DQ8-glia-α1																	HLA-DQ8-glia-α1 HLA-DQ8.5-glia-γ1															HLA-DQ8.5-glia-γ1
FIGURE	2
Colours:		CDR1α  CDR2α  CDR3α  CDR1β  CDR2β  CDR3β   α/β−framework
α
β
α
β
α
β
α
β
α
β
α
β
α
β
α
β
vα
vβ
vα
vβ
vα
vβ
vα
vβ
α-chain α-chain α-chainα-chain
β-chain β-chain β-chain β-chain
Figure
T115
D114
V65α
T61α
V108
P110
E66β
Q64β
N111
N110
N109
N114
R53α
F58α
D55α
T61α
N57α
H81β
L108
G113
A73β
D76β H81β
T77β
R70β
R37
F58α
K66
G29
Y57
S58
L36
E69β E66β
CDR2α             CDR1α CDR2β CDR1β
CDR3α
CDR3β
A
DC
B
E
F
FIGURE	3
E108
L37
V108
A109
R110
F58α
Y57
p2-G
p4-F
p5-Q p7-S
p6-P
p8-Q
p9-E
p10-N
p11-P
p3-S
p1-E
p-1-G
p-2-S
V110
S111
E108N110 L37
V108
N109
A109
R37
F58α Y57
p2-G
p4-F
p5-Q p7-S
p6-P
p8-Q
p9-E
p10-N
p11-P
p3-S
p1-E
p-1-G
p-2-S
P110S113
Figure
E108
N112
L37
V108
M109
Y114
A109
R37
Y57
Q107
p2-Q
p4-S
p5-F p7-E
p6-P
p8-Q
p9-E
p3-Q
p1-P
T111S113
H68α
R66
Y57
N58
L37
A64α
T61α
A73β
E74β V78β
T77β
R70β
R37
K66
Y57
E64
L36
E69β
E66β
D110
M109
Y113
F58α
D55α
T61α
N57α
H81β
T77β
N112
Y114 V108
S113
E66β
V67β
R70β
Y60β
CDR2α CDR1α CDR2β CDR1β
CDR3α
CDR3β
A
DC
B
E
FIGURE	4
Figure
E108
Y113 L37
T113
G29
R109
N108
R37 Y57
S109
p2-Q
p4-S
p5-F
p7-E
p6-P
p8-Q
p9-E
p3-Q
p1-P
L111
G112
H68αR66
Y60β
R26
G28
Y57
N58
L37
A64α
V65α
E66β
T61α
A73β
E74β V78β
T77β
R70β
R37
K66
Y57
S58
E69β
E66β
S112
S109
Y113
F58α
D55α
T113
Y117
R109
L111
T61α
N62α
N108
D114
T115
E66β
R70β
CDR2β CDR1β
CDR3α
CDR3β
A
DC
B
E
CDR2α CDR1α
FIGURE	5
Figure
F51α
I71α
E31α
R52α
F51α
S71α
Q31α
A
B
FIGURE	6
Figure
A
B
C
D
0
5
0
1
0
0
1
5
0
Bel502wt
a-R37A
a-Y57A
a-K66A
a-N109A
a-N110A
a-N114A
b-L37A
b-Y57A
b-R66A
0
5
0
1
0
0
1
5
0
Bel602wt
a-R37A
a-Y57A
a-K66A
a-M109A
a-N112A
a-Y113A
b-L37A
b-Y57A
b-R66A
b-Y114F
b-Y114A
F
IG
U
R
E
	7
K
D
(µ
M
)
K
D
(µ
M
)
Figure7
SP3.4
S13
L3
HLA-DQ8.5-glia-γ1
T316
HLA-DQ8-glia-α1
Bel502
Bel602
T15
FIGURE	8
Figure
FIGURE	S1
0 50 100 150 200
0
200
400
600
800
0 50 100 150 200
0
200
400
600
800
0 50 100 150 200
0
200
400
600
800
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
200
400
600
800
1000
HLA-DQ8-glia-a1                HLA-DQ8.5-glia-a1             HLA-DQ8.5-glia-g1
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 20 40 60 80 100
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0 20 40 60 80 100
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
1.2
0 20 40 60 80 100
-0.1
0.0
0.1
0.2
0.3
0.4
0.5
0.6
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 50 100 150 200
0
200
400
600
800
0 20 40 60 80 100
-0.1
0.0
0.1
0.2
0.3
0.4
0 50 100 150 200
0
100
200
300
400
0 20 40 60 80 100
0.0
0.1
0.2
0.3
0.4
0.5
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 50 100 150 200
0
100
200
300
400
0 20 40 60 80 100
0.0
0.2
0.4
0.6
0.8
1.0
0 50 100 150 200
0
200
400
600
800
0 50 100 150 200
0
100
200
300
400
0 20 40 60 80 100
-0.2
0.0
0.2
0.4
0.6
0.8
1.0
0 50 100 150 200
0
200
400
600
800
Bel502 α-N110A         KD= 2.4 r0.1 PM
Bel502 β-R66A           KD= 5.0 r0.2 PM
Bel502 β-Y57A           
KD> 200 PM Bel502 β-Y57A KD> 200 PM
Bel502 α-N114A        
KD> 200 PM
Bel502 β-R66A          KD= 30.5 r0.6 PM
Bel602 α-N112A         KD= 177.4 r 51 PM
Bel602 β-R66A           KD= 10.3 r0.4 PM
Bel602 β-L37A           KD= 25.7 r0.6 PM
Bel602 β-Y113F
KD> 200 PM
time (s)
time (s)                                             conc. (PM)
time (s) conc. (PM)
time (s) conc. (PM)
time (s) conc. (PM)
time (s) conc. (PM)
time (s)
time (s) conc. (PM)
time (s)
time (s) conc. (PM)
time (s)                                           conc. (PM)
time (s) conc. (PM)
time (s) conc. (PM)
time (s) conc. (PM)
time (s)
time (s)
time (s) conc. (PM)
time (s) time (s) time (s)time (s)
0 20 40 60 80 100
0.0
0.2
0.4
0.6
time (s) conc. (PM)
time (s)                                             conc. (PM)
time (s) conc. (PM)
time (s)
time (s)
time (s)
time (s) conc. (PM)
time (s)
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
R
U
0 50 100 150 200
0
200
400
600
800
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
R
U
R
U
R
U
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
n
o
rm
a
liz
e
d
  
R
U
Bel502 α-K66A          KD = 22.4 r1.0 PM
Bel502 α-R37A
KD > 200 PM
Bel502 α-N109A        KD= 17.4 r0.5 PM
Bel502 α-Y57A
KD > 200 PM Bel502 α-R37AKD > 200 PM
Bel502 α-N109A         KD= 93.5 r5.3 PM
Bel502 α-Y57A
KD > 200 PM
Bel602 α-K66A           KD = 25.8 r0.5 PM
Bel602 α-R37A
KD > 200 PM
Bel502 α-K66A           KD=123.5 r15.6 PM
Bel602 α-M109A         KD= 24.4 r0.5 PM
Bel502 α-Y57A
KD > 200 PM
Bel502 β-L37A           KD= 84.1 r2.4 PM
Bel502 α-N114A         KD= 54.4 r3.3 PM
Bel502 α-N110A         KD= 9.4 r0.2 PM
Bel502 β-L37A        
KD= 200 PM
Bel602 α-Y113A         KD= 121.9 r8.4 PM
Bel502 β-Y57A 
KD> 200 PM
Bel602 β-Y113A 
KD> 200 PM
Supplemental Text & Figures
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
suggested cover image Click here to download Supplemental Text & Figurestoast06_v06.jpeg
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 
Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥
❘❡♣♦rt ✐❖
❏✉♥ ✷✱ ✷✵✶✻ ✕ ✵✽✿✹✸ P▼ ❊❉❚
❚❤✐s ✐s ❛ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt✳
❚❤✐s r❡♣♦rt ✐s ♣r♦❞✉❝❡❞ ❜② t❤❡ ✇✇P❉❇ ✈❛❧✐❞❛t✐♦♥ ♣✐♣❡❧✐♥❡
❜❡❢♦r❡ ❞❡♣♦s✐t✐♦♥ ♦r ❛♥♥♦t❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡✳
❚❤✐s ✐s ♥♦t ❛♥ ♦✣❝✐❛❧ ✇✇P❉❇ ✈❛❧✐❞❛t✐♦♥ r❡♣♦rt ❛♥❞ ✐s ♥♦t ❛ ♣r♦♦❢ ♦❢ ❞❡♣♦s✐t✐♦♥✳
❚❤✐s r❡♣♦rt s❤♦✉❧❞ ♥♦t ❜❡ s✉❜♠✐tt❡❞ t♦ ❥♦✉r♥❛❧s✳
❲❡ ✇❡❧❝♦♠❡ ②♦✉r ❝♦♠♠❡♥ts ❛t ✈❛❧✐❞❛t✐♦♥❅♠❛✐❧✳✇✇♣❞❜✳♦r❣
❆ ✉s❡r ❣✉✐❞❡ ✐s ❛✈❛✐❧❛❜❧❡ ❛t
❤tt♣✿✴✴✇✇♣❞❜✳♦r❣✴✈❛❧✐❞❛t✐♦♥✴✷✵✶✻✴❳r❛②❱❛❧✐❞❛t✐♦♥❘❡♣♦rt❍❡❧♣
✇✐t❤ s♣❡❝✐✜❝ ❤❡❧♣ ❛✈❛✐❧❛❜❧❡ ❡✈❡r②✇❤❡r❡ ②♦✉ s❡❡ t❤❡ ✐❖ s②♠❜♦❧✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡rs✐♦♥s ♦❢ s♦❢t✇❛r❡ ❛♥❞ ❞❛t❛ ✭s❡❡ r❡❢❡r❡♥❝❡s ✐❖✮ ✇❡r❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ t❤✐s r❡♣♦rt✿
▼♦❧Pr♦❜✐t② ✿ ✹✳✵✷❜✲✹✻✼
▼♦❣✉❧ ✿ ✶✳✼✳✶ ✭❘❈✶✮✱ ❈❙❉ ❛s✺✸✼❜❡ ✭✷✵✶✻✮
❳tr✐❛❣❡ ✭P❤❡♥✐①✮ ✿ ✶✳✾✲✶✻✾✷
❊❉❙ ✿ r❜✲✷✵✵✷✼✻✼✹
P❡r❝❡♥t✐❧❡ st❛t✐st✐❝s ✿ ✷✵✶✺✶✷✸✵✳✈✵✶ ✭✉s✐♥❣ ❡♥tr✐❡s ✐♥ t❤❡ P❉❇ ❛r❝❤✐✈❡ ❉❡❝❡♠❜❡r ✸✵t❤ ✷✵✶✺✮
❘❡❢♠❛❝ ✿ ✺✳✽✳✵✶✸✺
❈❈P✹ ✿ ✻✳✺✳✵
■❞❡❛❧ ❣❡♦♠❡tr② ✭♣r♦t❡✐♥s✮ ✿ ❊♥❣❤ ✫ ❍✉❜❡r ✭✷✵✵✶✮
■❞❡❛❧ ❣❡♦♠❡tr② ✭❉◆❆✱ ❘◆❆✮ ✿ P❛r❦✐♥s♦♥ ❡t ❛❧✳ ✭✶✾✾✻✮
❱❛❧✐❞❛t✐♦♥ P✐♣❡❧✐♥❡ ✭✇✇P❉❇✲❱P✮ ✿ r❜✲✷✵✵✷✼✻✼✹
PDB Validation Report Click here to download PDB Validation Report Bel602_val-report-full_P1-3.pdf
P❛❣❡ ✷ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
✶ ❖✈❡r❛❧❧ q✉❛❧✐t② ❛t ❛ ❣❧❛♥❝❡ ✐❖
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ t❡❝❤♥✐q✉❡s ✇❡r❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ str✉❝t✉r❡✿
❳✲❘❆❨ ❉■❋❋❘❆❈❚■❖◆
❚❤❡ r❡♣♦rt❡❞ r❡s♦❧✉t✐♦♥ ♦❢ t❤✐s ❡♥tr② ✐s ✷✳✵✵ ➴✳
P❡r❝❡♥t✐❧❡ s❝♦r❡s ✭r❛♥❣✐♥❣ ❜❡t✇❡❡♥ ✵✲✶✵✵✮ ❢♦r ❣❧♦❜❛❧ ✈❛❧✐❞❛t✐♦♥ ♠❡tr✐❝s ♦❢ t❤❡ ❡♥tr② ❛r❡ s❤♦✇♥ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❣r❛♣❤✐❝✳ ❚❤❡ t❛❜❧❡ s❤♦✇s t❤❡ ♥✉♠❜❡r ♦❢ ❡♥tr✐❡s ♦♥ ✇❤✐❝❤ t❤❡ s❝♦r❡s ❛r❡ ❜❛s❡❞✳
▼❡tr✐❝
❲❤♦❧❡ ❛r❝❤✐✈❡
✭★❊♥tr✐❡s✮
❙✐♠✐❧❛r r❡s♦❧✉t✐♦♥
✭★❊♥tr✐❡s✱ r❡s♦❧✉t✐♦♥ r❛♥❣❡✭➴✮✮
❘free ✾✶✸✹✹ ✻✷✹✾ ✭✷✳✵✵✲✷✳✵✵✮
❈❧❛s❤s❝♦r❡ ✶✵✷✷✹✻ ✼✸✹✵ ✭✷✳✵✵✲✷✳✵✵✮
❘❛♠❛❝❤❛♥❞r❛♥ ♦✉t❧✐❡rs ✶✵✵✸✽✼ ✼✷✹✽ ✭✷✳✵✵✲✷✳✵✵✮
❙✐❞❡❝❤❛✐♥ ♦✉t❧✐❡rs ✶✵✵✸✻✵ ✼✷✹✼ ✭✷✳✵✵✲✷✳✵✵✮
❘❙❘❩ ♦✉t❧✐❡rs ✾✶✺✻✾ ✻✷✻✷ ✭✷✳✵✵✲✷✳✵✵✮
❚❤❡ t❛❜❧❡ ❜❡❧♦✇ s✉♠♠❛r✐s❡s t❤❡ ❣❡♦♠❡tr✐❝ ✐ss✉❡s ♦❜s❡r✈❡❞ ❛❝r♦ss t❤❡ ♣♦❧②♠❡r✐❝ ❝❤❛✐♥s ❛♥❞ t❤❡✐r ✜t
t♦ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t②✳ ❚❤❡ r❡❞✱ ♦r❛♥❣❡✱ ②❡❧❧♦✇ ❛♥❞ ❣r❡❡♥ s❡❣♠❡♥ts ♦♥ t❤❡ ❧♦✇❡r ❜❛r ✐♥❞✐❝❛t❡ t❤❡
❢r❛❝t✐♦♥ ♦❢ r❡s✐❞✉❡s t❤❛t ❝♦♥t❛✐♥ ♦✉t❧✐❡rs ❢♦r >=✸✱ ✷✱ ✶ ❛♥❞ ✵ t②♣❡s ♦❢ ❣❡♦♠❡tr✐❝ q✉❛❧✐t② ❝r✐t❡r✐❛✳ ❆
❣r❡② s❡❣♠❡♥t r❡♣r❡s❡♥ts t❤❡ ❢r❛❝t✐♦♥ ♦❢ r❡s✐❞✉❡s t❤❛t ❛r❡ ♥♦t ♠♦❞❡❧❧❡❞✳ ❚❤❡ ♥✉♠❡r✐❝ ✈❛❧✉❡ ❢♦r ❡❛❝❤
❢r❛❝t✐♦♥ ✐s ✐♥❞✐❝❛t❡❞ ❜❡❧♦✇ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡❣♠❡♥t✱ ✇✐t❤ ❛ ❞♦t r❡♣r❡s❡♥t✐♥❣ ❢r❛❝t✐♦♥s <=✺✪
❚❤❡ ✉♣♣❡r r❡❞ ❜❛r ✭✇❤❡r❡ ♣r❡s❡♥t✮ ✐♥❞✐❝❛t❡s t❤❡ ❢r❛❝t✐♦♥ ♦❢ r❡s✐❞✉❡s t❤❛t ❤❛✈❡ ♣♦♦r ✜t t♦ t❤❡
❡❧❡❝tr♦♥ ❞❡♥s✐t②✳ ❚❤❡ ♥✉♠❡r✐❝ ✈❛❧✉❡ ✐s ❣✐✈❡♥ ❛❜♦✈❡ t❤❡ ❜❛r✳
▼♦❧ ❈❤❛✐♥ ▲❡♥❣t❤ ◗✉❛❧✐t② ♦❢ ❝❤❛✐♥
✶ ❆ ✶✽✷
✷ ❇ ✶✾✵
✸ ❈ ✶✾✺
✹ ❉ ✷✹✷
✺ ❏ ✶✶
P❛❣❡ ✸ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
✷ ❊♥tr② ❝♦♠♣♦s✐t✐♦♥ ✐❖
❚❤❡r❡ ❛r❡ ✽ ✉♥✐q✉❡ t②♣❡s ♦❢ ♠♦❧❡❝✉❧❡s ✐♥ t❤✐s ❡♥tr②✳ ❚❤❡ ❡♥tr② ❝♦♥t❛✐♥s ✼✷✷✽ ❛t♦♠s✱ ♦❢ ✇❤✐❝❤ ✵
❛r❡ ❤②❞r♦❣❡♥s ❛♥❞ ✵ ❛r❡ ❞❡✉t❡r✐✉♠s✳
■♥ t❤❡ t❛❜❧❡s ❜❡❧♦✇✱ t❤❡ ❩❡r♦❖❝❝ ❝♦❧✉♠♥ ❝♦♥t❛✐♥s t❤❡ ♥✉♠❜❡r ♦❢ ❛t♦♠s ♠♦❞❡❧❧❡❞ ✇✐t❤ ③❡r♦ ♦❝❝✉✲
♣❛♥❝②✱ t❤❡ ❆❧t❈♦♥❢ ❝♦❧✉♠♥ ❝♦♥t❛✐♥s t❤❡ ♥✉♠❜❡r ♦❢ r❡s✐❞✉❡s ✇✐t❤ ❛t ❧❡❛st ♦♥❡ ❛t♦♠ ✐♥ ❛❧t❡r♥❛t❡
❝♦♥❢♦r♠❛t✐♦♥ ❛♥❞ t❤❡ ❚r❛❝❡ ❝♦❧✉♠♥ ❝♦♥t❛✐♥s t❤❡ ♥✉♠❜❡r ♦❢ r❡s✐❞✉❡s ♠♦❞❡❧❧❡❞ ✇✐t❤ ❛t ♠♦st ✷
❛t♦♠s✳
❼ ▼♦❧❡❝✉❧❡ ✶ ✐s ❛ ♣r♦t❡✐♥✳
▼♦❧ ❈❤❛✐♥ ❘❡s✐❞✉❡s ❆t♦♠s ❩❡r♦❖❝❝ ❆❧t❈♦♥❢ ❚r❛❝❡
✶ ❆ ✶✽✷
❚♦t❛❧ ❈ ◆ ❖ ❙
✶✹✺✺ ✾✸✻ ✷✸✼ ✷✽✵ ✷
✵ ✵ ✵
❼ ▼♦❧❡❝✉❧❡ ✷ ✐s ❛ ♣r♦t❡✐♥✳
▼♦❧ ❈❤❛✐♥ ❘❡s✐❞✉❡s ❆t♦♠s ❩❡r♦❖❝❝ ❆❧t❈♦♥❢ ❚r❛❝❡
✷ ❇ ✶✾✵
❚♦t❛❧ ❈ ◆ ❖ ❙
✶✺✻✾ ✾✾✷ ✷✼✼ ✷✾✸ ✼
✵ ✸ ✵
❼ ▼♦❧❡❝✉❧❡ ✸ ✐s ❛ ♣r♦t❡✐♥✳
▼♦❧ ❈❤❛✐♥ ❘❡s✐❞✉❡s ❆t♦♠s ❩❡r♦❖❝❝ ❆❧t❈♦♥❢ ❚r❛❝❡
✸ ❈ ✶✾✺
❚♦t❛❧ ❈ ◆ ❖ ❙
✶✺✷✺ ✾✺✾ ✷✺✶ ✸✵✼ ✽
✵ ✵ ✵
❼ ▼♦❧❡❝✉❧❡ ✹ ✐s ❛ ♣r♦t❡✐♥✳
▼♦❧ ❈❤❛✐♥ ❘❡s✐❞✉❡s ❆t♦♠s ❩❡r♦❖❝❝ ❆❧t❈♦♥❢ ❚r❛❝❡
✹ ❉ ✷✹✷
❚♦t❛❧ ❈ ◆ ❖ ❙
✶✾✹✵ ✶✷✷✺ ✸✸✼ ✸✼✸ ✺
✵ ✷ ✵
❼ ▼♦❧❡❝✉❧❡ ✺ ✐s ❛ ♣r♦t❡✐♥ ❝❛❧❧❡❞ ●▲◆✲P❘❖✲●▲◆✲●▲◆✲❙❊❘✲P❍❊✲P❘❖✲●▲❯✲●▲◆✲●▲❯✲❆▲❆✳
▼♦❧ ❈❤❛✐♥ ❘❡s✐❞✉❡s ❆t♦♠s ❩❡r♦❖❝❝ ❆❧t❈♦♥❢ ❚r❛❝❡
✺ ❏ ✶✶
❚♦t❛❧ ❈ ◆ ❖
✾✵ ✺✺ ✶✺ ✷✵
✵ ✵ ✵
❼ ▼♦❧❡❝✉❧❡ ✻ ✐s ◆✲❆❈❊❚❨▲✲❉✲●▲❯❈❖❙❆▼■◆❊ ✭t❤r❡❡✲❧❡tt❡r ❝♦❞❡✿ ◆❆●✮ ✭❢♦r♠✉❧❛✿ ✉♥✲
❦♥♦✇♥✮✳
P❛❣❡ ✹ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
▼♦❧ ❈❤❛✐♥ ❘❡s✐❞✉❡s ❆t♦♠s ❩❡r♦❖❝❝ ❆❧t❈♦♥❢
✻ ❆ ✶
❚♦t❛❧ ❈ ◆ ❖
✶✹ ✽ ✶ ✺
✵ ✵
❼ ▼♦❧❡❝✉❧❡ ✼ ✐s ❈❆▲❈■❯▼ ■❖◆ ✭t❤r❡❡✲❧❡tt❡r ❝♦❞❡✿ ❈❆✮ ✭❢♦r♠✉❧❛✿ ✉♥❦♥♦✇♥✮✳
▼♦❧ ❈❤❛✐♥ ❘❡s✐❞✉❡s ❆t♦♠s ❩❡r♦❖❝❝ ❆❧t❈♦♥❢
✼ ❑ ✶
❚♦t❛❧ ❈❛
✶ ✶
✵ ✵
❼ ▼♦❧❡❝✉❧❡ ✽ ✐s ✇❛t❡r✳
▼♦❧ ❈❤❛✐♥ ❘❡s✐❞✉❡s ❆t♦♠s ❩❡r♦❖❝❝ ❆❧t❈♦♥❢
✽ ❙ ✹✶✵
❚♦t❛❧ ❖
✹✶✵ ✹✶✵
✵ ✵
✽ ❲ ✷✷✹
❚♦t❛❧ ❖
✷✷✹ ✷✷✹
✵ ✵
P❛❣❡ ✺ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
✸ ❘❡s✐❞✉❡✲♣r♦♣❡rt② ♣❧♦ts ✐❖
❚❤❡s❡ ♣❧♦ts ❛r❡ ❞r❛✇♥ ❢♦r ❛❧❧ ♣r♦t❡✐♥✱ ❘◆❆ ❛♥❞ ❉◆❆ ❝❤❛✐♥s ✐♥ t❤❡ ❡♥tr②✳ ❚❤❡ ✜rst ❣r❛♣❤✐❝ ❢♦r ❛
❝❤❛✐♥ s✉♠♠❛r✐s❡s t❤❡ ♣r♦♣♦rt✐♦♥s ♦❢ ❡rr♦rs ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ s❡❝♦♥❞ ❣r❛♣❤✐❝✳ ❚❤❡ s❡❝♦♥❞ ❣r❛♣❤✐❝
s❤♦✇s t❤❡ s❡q✉❡♥❝❡ ✈✐❡✇ ❛♥♥♦t❛t❡❞ ❜② ✐ss✉❡s ✐♥ ❣❡♦♠❡tr② ❛♥❞ ❡❧❡❝tr♦♥ ❞❡♥s✐t②✳ ❘❡s✐❞✉❡s ❛r❡ ❝♦❧♦r✲
❝♦❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❣❡♦♠❡tr✐❝ q✉❛❧✐t② ❝r✐t❡r✐❛ ❢♦r ✇❤✐❝❤ t❤❡② ❝♦♥t❛✐♥ ❛t ❧❡❛st ♦♥❡
♦✉t❧✐❡r✿ ❣r❡❡♥ ❂ ✵✱ ②❡❧❧♦✇ ❂ ✶✱ ♦r❛♥❣❡ ❂ ✷ ❛♥❞ r❡❞ ❂ ✸ ♦r ♠♦r❡✳ ❆ r❡❞ ❞♦t ❛❜♦✈❡ ❛ r❡s✐❞✉❡ ✐♥❞✐❝❛t❡s
❛ ♣♦♦r ✜t t♦ t❤❡ ❡❧❡❝tr♦♥ ❞❡♥s✐t② ✭❘❙❘❩ > 2✮✳ ❙tr❡t❝❤❡s ♦❢ ✷ ♦r ♠♦r❡ ❝♦♥s❡❝✉t✐✈❡ r❡s✐❞✉❡s ✇✐t❤♦✉t
❛♥② ♦✉t❧✐❡r ❛r❡ s❤♦✇♥ ❛s ❛ ❣r❡❡♥ ❝♦♥♥❡❝t♦r✳ ❘❡s✐❞✉❡s ♣r❡s❡♥t ✐♥ t❤❡ s❛♠♣❧❡✱ ❜✉t ♥♦t ✐♥ t❤❡ ♠♦❞❡❧✱
❛r❡ s❤♦✇♥ ✐♥ ❣r❡②✳
• ▼♦❧❡❝✉❧❡ ✶✿
❈❤❛✐♥ ❆✿
❆
❙
P
✵
❆
❙
◆
✶
✶
▲
❨
❙
✸
✾
❆
❘
●
✺
✸
▲
❊
❯
✻
✵
❆
❙
◆
✶
✶
✽
❚
❍
❘
✶
✷
✾
▲
❊
❯
✶
✸
✽
P
❍
❊
✶
✹
✻
❙
❊
❘
✶
✻
✵
●
▲
❯
✶
✻
✻
P
❘
❖
✶
✼
✸
●
▲
❯
✶
✽
✶
• ▼♦❧❡❝✉❧❡ ✷✿
❈❤❛✐♥ ❇✿
❆
❙
P
✷
❙
❊
❘
✶
✵
✹
•
❆
❘
●
✶
✵
✺
❚
❍
❘
✶
✵
✻
•
●
▲
❯
✶
✵
✼
•
❆
▲
❆
✶
✵
✽
•
▲
❊
❯
✶
✵
✾
•
❆
❙
◆
✶
✶
✵
•
❍
■
❙
✶
✶
✶
•
❍
■
❙
✶
✶
✷
•
❱
❆
▲
✶
✶
✻
▼
❊
❚
✶
✻
✵
▼
❊
❚
✶
✻
✸
❆
❘
●
✶
✻
✼
•
❚
❍
❘
✶
✼
✷
●
▲
◆
✶
✽
✶
●
▲
❯
✶
✽
✼
❆
▲
❆
✶
✾
✵
•
●
▲
◆
✶
✾
✶
•
• ▼♦❧❡❝✉❧❡ ✸✿
❈❤❛✐♥ ❈✿
●
▲
❯
✶
●
▲
❨
✶
✻
P
❍
❊
✹
✵
❆
▲
❆
✾
✸
❈
❨
❙
✶
✵
✹
P
❘
❖
✶
✷
✽
❆
❙
P
✶
✷
✾
❆
❘
●
✶
✹
✶
❆
❙
P
✶
✹
✷
❙
❊
❘
✶
✹
✸
•
▲
❨
❙
✶
✹
✹
•
❙
❊
❘
✶
✹
✺
•
❙
❊
❘
✶
✹
✻
•
❆
❙
P
✶
✹
✼
•
❙
❊
❘
✶
✻
✸
❚
❨
❘
✶
✼
✶
❱
❆
▲
✶
✼
✼
❆
▲
❆
✶
✾
✷
❙
❊
❘
✶
✾
✼
•
❆
❙
◆
✷
✵
✼
●
▲
❯
✷
✶
✷
• ▼♦❧❡❝✉❧❡ ✹✿
❈❤❛✐♥ ❉✿
●
▲
❨
✸
❚
❍
❘
✶
✸
❆
❙
P
✹
✼
•
●
▲
◆
✹
✽
•
❆
❙
◆
✼
✵
❚
❍
❘
✶
✷
✺
●
▲
❯
✶
✷
✽
❆
❙
P
✶
✷
✾
▲
❊
❯
✶
✸
✵
•
▲
❨
❙
✶
✸
✶
•
P
❍
❊
✶
✹
✶
P
❘
❖
✶
✻
✺
❆
❙
P
✶
✻
✻
❍
■
❙
✶
✻
✼
❆
▲
❆
✶
✾
✺
•
▲
❊
❯
✶
✾
✻
•
❆
❙
◆
✶
✾
✼
•
❆
❙
P
✶
✾
✽
•
●
▲
◆
✷
✷
✹
❙
❊
❘
✷
✸
✶
•
●
▲
❯
✷
✸
✷
❆
❙
◆
✷
✸
✸
❆
❙
P
✷
✸
✹
❆
▲
❆
✷
✹
✶
•
■
▲
❊
✷
✹
✼
❆
❙
P
✷
✺
✼
•
• ▼♦❧❡❝✉❧❡ ✺✿ ●▲◆✲P❘❖✲●▲◆✲●▲◆✲❙❊❘✲P❍❊✲P❘❖✲●▲❯✲●▲◆✲●▲❯✲❆▲❆
❈❤❛✐♥ ❏✿
●
▲
◆
✲
✶
❆
▲
❆
✶
✵
P❛❣❡ ✻ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
✹ ❉❛t❛ ❛♥❞ r❡✜♥❡♠❡♥t st❛t✐st✐❝s ✐❖
Pr♦♣❡rt② ❱❛❧✉❡ ❙♦✉r❝❡
❙♣❛❝❡ ❣r♦✉♣ P ✶ ✷✶ ✶ ❉❡♣♦s✐t♦r
❈❡❧❧ ❝♦♥st❛♥ts
❛✱ ❜✱ ❝✱ α✱ β✱ γ
✻✷✳✺✺➴ ✾✽✳✽✸➴ ✽✵✳✶✼➴
✾✵✳✵✵◦ ✾✺✳✻✾◦ ✾✵✳✵✵◦
❉❡♣♦s✐t♦r
❘❡s♦❧✉t✐♦♥ ✭➴✮
✹✺✳✼✺ ✕ ✷✳✵✵
✹✷✳✸✺ ✕ ✷✳✵✵
❉❡♣♦s✐t♦r
❊❉❙
✪ ❉❛t❛ ❝♦♠♣❧❡t❡♥❡ss
✭✐♥ r❡s♦❧✉t✐♦♥ r❛♥❣❡✮
✶✵✵✳✵ ✭✹✺✳✼✺✲✷✳✵✵✮
✶✵✵✳✵ ✭✹✷✳✸✺✲✷✳✵✵✮
❉❡♣♦s✐t♦r
❊❉❙
❘merge ✭◆♦t ❛✈❛✐❧❛❜❧❡✮ ❉❡♣♦s✐t♦r
❘sym ✭◆♦t ❛✈❛✐❧❛❜❧❡✮ ❉❡♣♦s✐t♦r
< I/σ(I) > ✲ ❳tr✐❛❣❡
❘❡✜♥❡♠❡♥t ♣r♦❣r❛♠ ❇❯❙❚❊❘ ✷✳✶✵✳✶ ❉❡♣♦s✐t♦r
❘✱ ❘free
✵✳✶✻✾ ✱ ✵✳✷✵✻
✵✳✶✼✵ ✱ ✵✳✷✵✻
❉❡♣♦s✐t♦r
❉❈❈
❘free t❡st s❡t ✸✷✾✵ r❡✢❡❝t✐♦♥s ✭✺✳✷✾✪✮ ❉❈❈
❲✐❧s♦♥ ❇✲❢❛❝t♦r ✭➴2✮ ✭◆♦t ❛✈❛✐❧❛❜❧❡✮ ❳tr✐❛❣❡
❆♥✐s♦tr♦♣② ✭◆♦t ❛✈❛✐❧❛❜❧❡✮ ❳tr✐❛❣❡
❇✉❧❦ s♦❧✈❡♥t ksol✭❡✴➴3✮✱ Bsol✭➴2✮ ✵✳✸✷ ✱ ✺✷✳✾ ❊❉❙
▲✲t❡st ❢♦r t✇✐♥♥✐♥❣✶ < |L| > ❂ ✭◆♦t ❛✈❛✐❧❛❜❧❡✮✱ < L2 > ❂ ✭◆♦t ❛✈❛✐❧❛❜❧❡✮ ❳tr✐❛❣❡
❊st✐♠❛t❡❞ t✇✐♥♥✐♥❣ ❢r❛❝t✐♦♥ ◆♦ t✇✐♥♥✐♥❣ t♦ r❡♣♦rt✳ ❳tr✐❛❣❡
❋o✱❋c ❝♦rr❡❧❛t✐♦♥ ✵✳✾✼ ❊❉❙
❚♦t❛❧ ♥✉♠❜❡r ♦❢ ❛t♦♠s ✼✷✷✽ ✇✇P❉❇✲❱P
❆✈❡r❛❣❡ ❇✱ ❛❧❧ ❛t♦♠s ✭➴2✮ ✹✺✳✵ ✇✇P❉❇✲❱P
❳tr✐❛❣❡✬s ❛♥❛❧②s✐s ♦♥ tr❛♥s❧❛t✐♦♥❛❧ ◆❈❙ ✐s ❛s ❢♦❧❧♦✇s✿ ✭◆♦t ❛✈❛✐❧❛❜❧❡✮
✶❚❤❡♦r❡t✐❝❛❧ ✈❛❧✉❡s ♦❢ < |L| >✱ < L2 > ❢♦r ❛❝❡♥tr✐❝ r❡✢❡❝t✐♦♥s ❛r❡ ✵✳✺✱ ✵✳✸✼✺ r❡s♣❡❝t✐✈❡❧② ❢♦r ✉♥t✇✐♥♥❡❞ ❞❛t❛s❡ts✱
❛♥❞ ✵✳✸✸✸✱ ✵✳✷ ❢♦r ♣❡r❢❡❝t❧② t✇✐♥♥❡❞ ❞❛t❛s❡ts✳
P❛❣❡ ✼ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
✺ ▼♦❞❡❧ q✉❛❧✐t② ✐❖
✺✳✶ ❙t❛♥❞❛r❞ ❣❡♦♠❡tr② ✐❖
❇♦♥❞ ❧❡♥❣t❤s ❛♥❞ ❜♦♥❞ ❛♥❣❧❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✐❞✉❡ t②♣❡s ❛r❡ ♥♦t ✈❛❧✐❞❛t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✿ ❈❆✱
◆❆●
❚❤❡ ❩ s❝♦r❡ ❢♦r ❛ ❜♦♥❞ ❧❡♥❣t❤ ✭♦r ❛♥❣❧❡✮ ✐s t❤❡ ♥✉♠❜❡r ♦❢ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡
✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡✳ ❆ ❜♦♥❞ ❧❡♥❣t❤ ✭♦r ❛♥❣❧❡✮ ✇✐t❤ |Z| > 5 ✐s ❝♦♥s✐❞❡r❡❞ ❛♥
♦✉t❧✐❡r ✇♦rt❤ ✐♥s♣❡❝t✐♦♥✳ ❘▼❙❩ ✐s t❤❡ r♦♦t✲♠❡❛♥✲sq✉❛r❡ ♦❢ ❛❧❧ ❩ s❝♦r❡s ♦❢ t❤❡ ❜♦♥❞ ❧❡♥❣t❤s ✭♦r
❛♥❣❧❡s✮✳
▼♦❧ ❈❤❛✐♥
❇♦♥❞ ❧❡♥❣t❤s ❇♦♥❞ ❛♥❣❧❡s
❘▼❙❩ ★|Z| >✺ ❘▼❙❩ ★|Z| >✺
✶ ❆ ✵✳✺✷ ✵✴✶✹✾✼ ✵✳✻✸ ✵✴✷✵✹✸
✷ ❇ ✵✳✺✷ ✵✴✶✻✶✽ ✵✳✻✻ ✵✴✷✷✵✽
✸ ❈ ✵✳✺✵ ✵✴✶✺✺✼ ✵✳✼✹ ✶✴✷✶✵✼ ✭✵✳✵✪✮
✹ ❉ ✵✳✹✼ ✵✴✷✵✵✵ ✵✳✻✷ ✵✴✷✼✷✹
✺ ❏ ✵✳✻✾ ✵✴✾✷ ✵✳✼✺ ✵✴✶✷✹
❆❧❧ ❆❧❧ ✵✳✺✵ ✵✴✻✼✻✹ ✵✳✻✻ ✶✴✾✷✵✻ ✭✵✳✵✪✮
❚❤❡r❡ ❛r❡ ♥♦ ❜♦♥❞ ❧❡♥❣t❤ ♦✉t❧✐❡rs✳
❆❧❧ ✭✶✮ ❜♦♥❞ ❛♥❣❧❡ ♦✉t❧✐❡rs ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✿
▼♦❧ ❈❤❛✐♥ ❘❡s ❚②♣❡ ❆t♦♠s ❩ ❖❜s❡r✈❡❞✭o✮ ■❞❡❛❧✭o✮
✸ ❈ ✶✹✹ ▲❨❙ ❈✲◆✲❈❆ ✺✳✶✶ ✶✸✹✳✹✽ ✶✷✶✳✼✵
❚❤❡r❡ ❛r❡ ♥♦ ❝❤✐r❛❧✐t② ♦✉t❧✐❡rs✳
❚❤❡r❡ ❛r❡ ♥♦ ♣❧❛♥❛r✐t② ♦✉t❧✐❡rs✳
✺✳✷ ❚♦♦✲❝❧♦s❡ ❝♦♥t❛❝ts ✐❖
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ ◆♦♥✲❍ ❛♥❞ ❍✭♠♦❞❡❧✮ ❝♦❧✉♠♥s ❧✐st t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲❤②❞r♦❣❡♥ ❛t♦♠s
❛♥❞ ❤②❞r♦❣❡♥ ❛t♦♠s ✐♥ t❤❡ ❝❤❛✐♥ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❍✭❛❞❞❡❞✮ ❝♦❧✉♠♥ ❧✐sts t❤❡ ♥✉♠❜❡r ♦❢ ❤②❞r♦❣❡♥
❛t♦♠s ❛❞❞❡❞ ❛♥❞ ♦♣t✐♠✐③❡❞ ❜② ▼♦❧Pr♦❜✐t②✳ ❚❤❡ ❈❧❛s❤❡s ❝♦❧✉♠♥ ❧✐sts t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛s❤❡s ✇✐t❤✐♥
t❤❡ ❛s②♠♠❡tr✐❝ ✉♥✐t✱ ✇❤❡r❡❛s ❙②♠♠✲❈❧❛s❤❡s ❧✐sts s②♠♠❡tr② r❡❧❛t❡❞ ❝❧❛s❤❡s✳
▼♦❧ ❈❤❛✐♥ ◆♦♥✲❍ ❍✭♠♦❞❡❧✮ ❍✭❛❞❞❡❞✮ ❈❧❛s❤❡s ❙②♠♠✲❈❧❛s❤❡s
✶ ❆ ✶✹✺✺ ✵ ✶✹✵✸ ✺ ✵
✷ ❇ ✶✺✻✾ ✵ ✶✺✵✶ ✸ ✵
✸ ❈ ✶✺✷✺ ✵ ✶✹✻✵ ✶✶ ✵
✹ ❉ ✶✾✹✵ ✵ ✶✽✸✾ ✹ ✵
✺ ❏ ✾✵ ✵ ✼✾ ✶ ✵
❈♦♥t✐♥✉❡❞ ♦♥ ♥❡①t ♣❛❣❡✳✳✳
P❛❣❡ ✽ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
❈♦♥t✐♥✉❡❞ ❢r♦♠ ♣r❡✈✐♦✉s ♣❛❣❡✳✳✳
▼♦❧ ❈❤❛✐♥ ◆♦♥✲❍ ❍✭♠♦❞❡❧✮ ❍✭❛❞❞❡❞✮ ❈❧❛s❤❡s ❙②♠♠✲❈❧❛s❤❡s
✻ ❆ ✶✹ ✵ ✶✸ ✵ ✵
✼ ❑ ✶ ✵ ✵ ✵ ✵
✽ ❙ ✹✶✵ ✵ ✵ ✵ ✵
✽ ❲ ✷✷✹ ✵ ✵ ✵ ✵
❆❧❧ ❆❧❧ ✼✷✷✽ ✵ ✻✷✾✺ ✷✷ ✵
❚❤❡ ❛❧❧✲❛t♦♠ ❝❧❛s❤s❝♦r❡ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ❝❧❛s❤❡s ❢♦✉♥❞ ♣❡r ✶✵✵✵ ❛t♦♠s ✭✐♥❝❧✉❞✐♥❣
❤②❞r♦❣❡♥ ❛t♦♠s✮✳ ❚❤❡ ❛❧❧✲❛t♦♠ ❝❧❛s❤s❝♦r❡ ❢♦r t❤✐s str✉❝t✉r❡ ✐s ✷✳
❆❧❧ ✭✷✷✮ ❝❧♦s❡ ❝♦♥t❛❝ts ✇✐t❤✐♥ t❤❡ s❛♠❡ ❛s②♠♠❡tr✐❝ ✉♥✐t ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✱ s♦rt❡❞ ❜② t❤❡✐r ❝❧❛s❤
♠❛❣♥✐t✉❞❡✳
❆t♦♠✲✶ ❆t♦♠✲✷
■♥t❡r❛t♦♠✐❝
❞✐st❛♥❝❡ ✭➴✮
❈❧❛s❤
♦✈❡r❧❛♣ ✭➴✮
✸✿❈✿✶✹✶✿❆❘●✿❍●✸ ✸✿❈✿✶✹✷✿❆❙P✿❍ ✶✳✸✾ ✵✳✽✻
✷✿❇✿✶✽✶✿●▲◆✿❈❉ ✷✿❇✿✶✽✶✿●▲◆✿❍ ✶✳✾✹ ✵✳✼✵
✸✿❈✿✶✷✽✿P❘❖✿❍●✸ ✸✿❈✿✶✼✼✿❱❆▲✿❍●✶✶ ✶✳✼✼ ✵✳✻✺
✷✿❇✿✶✼✷✿❚❍❘✿❍●✷✷ ✷✿❇✿✶✽✼✿●▲❯✿❍●✷ ✶✳✽✶ ✵✳✻✵
✸✿❈✿✶✻✸✿❙❊❘✿❍ ✸✿❈✿✷✵✼✿❆❙◆✿❈❇ ✷✳✶✺ ✵✳✺✾
✹✿❉✿✶✷✺✿❚❍❘✿❍●✷✶ ✹✿❉✿✶✻✺✿P❘❖✿❍❇✸ ✶✳✽✸ ✵✳✺✾
✸✿❈✿✶✹✶✿❆❘●✿❍●✸ ✸✿❈✿✶✹✷✿❆❙P✿◆ ✷✳✶✻ ✵✳✺✼
✶✿❆✿✸✾✿▲❨❙✿❍●✷ ✶✿❆✿✻✵✿▲❊❯✿❍❉✶✶ ✶✳✾✸ ✵✳✺✶
✸✿❈✿✶✹✶✿❆❘●✿❍❍✶✷ ✹✿❉✿✶✹✶✿P❍❊✿❍❊✷ ✶✳✺✾ ✵✳✺✵
✷✿❇✿✶✶✻✿❱❆▲✿❍●✷✷ ✷✿❇✿✶✻✵✿▼❊❚✿❍●✸ ✶✳✾✹ ✵✳✹✾
✹✿❉✿✷✷✹✿●▲◆✿❍●✸ ✹✿❉✿✷✹✼✿■▲❊✿❍●✷✸ ✶✳✾✹ ✵✳✹✾
✸✿❈✿✶✻✸✿❙❊❘✿❖● ✸✿❈✿✷✵✼✿❆❙◆✿❍❇✸ ✷✳✶✸ ✵✳✹✾
✶✿❆✿✶✶✽✿❆❙◆✿❍❇✷ ✶✿❆✿✶✻✻✿●▲❯✿❍❇✷ ✶✳✾✼ ✵✳✹✼
✶✿❆✿✶✸✽✿▲❊❯✿❍❉✶✷ ✶✿❆✿✶✹✻✿P❍❊✿❈❊✷ ✷✳✺✵ ✵✳✹✻
✸✿❈✿✶✹✺✿❙❊❘✿❖ ✸✿❈✿✶✹✼✿❆❙P✿❍❆ ✷✳✶✻ ✵✳✹✺
✹✿❉✿✶✷✺✿❚❍❘✿❍●✶ ✹✿❉✿✶✻✼❬❆❪✿❍■❙✿❈❊✶ ✷✳✸✻ ✵✳✹✸
✶✿❆✿✺✸✿❆❘●✿❖ ✺✿❏✿✲✶✿●▲◆✿❍❇✸ ✷✳✶✾ ✵✳✹✷
✸✿❈✿✶✹✷✿❆❙P✿❖ ✸✿❈✿✶✹✸✿❙❊❘✿❍❇✷ ✷✳✶✾ ✵✳✹✷
✸✿❈✿✹✵✿P❍❊✿❖ ✸✿❈✿✶✵✹✿❈❨❙✿❍❆ ✷✳✷✶ ✵✳✹✶
✸✿❈✿✶✻✿●▲❨✿❍❆✷ ✸✿❈✿✾✸✿❆▲❆✿❍❆ ✷✳✵✷ ✵✳✹✶
✸✿❈✿✶✼✶✿❚❨❘✿❖ ✸✿❈✿✶✾✷✿❆▲❆✿❍❆ ✷✳✶✾ ✵✳✹✶
✶✿❆✿✶✻✻✿●▲❯✿❍●✷ ✶✿❆✿✶✼✸✿P❘❖✿❍❇✸ ✷✳✵✸ ✵✳✹✵
❚❤❡r❡ ❛r❡ ♥♦ s②♠♠❡tr②✲r❡❧❛t❡❞ ❝❧❛s❤❡s✳
P❛❣❡ ✾ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
✺✳✸ ❚♦rs✐♦♥ ❛♥❣❧❡s ✐❖
✺✳✸✳✶ Pr♦t❡✐♥ ❜❛❝❦❜♦♥❡ ✐❖
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ P❡r❝❡♥t✐❧❡s ❝♦❧✉♠♥ s❤♦✇s t❤❡ ♣❡r❝❡♥t ❘❛♠❛❝❤❛♥❞r❛♥ ♦✉t❧✐❡rs ♦❢ t❤❡
❝❤❛✐♥ ❛s ❛ ♣❡r❝❡♥t✐❧❡ s❝♦r❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ ❳✲r❛② ❡♥tr✐❡s ❢♦❧❧♦✇❡❞ ❜② t❤❛t ✇✐t❤ r❡s♣❡❝t t♦ ❡♥tr✐❡s
♦❢ s✐♠✐❧❛r r❡s♦❧✉t✐♦♥✳
❚❤❡ ❆♥❛❧②s❡❞ ❝♦❧✉♠♥ s❤♦✇s t❤❡ ♥✉♠❜❡r ♦❢ r❡s✐❞✉❡s ❢♦r ✇❤✐❝❤ t❤❡ ❜❛❝❦❜♦♥❡ ❝♦♥❢♦r♠❛t✐♦♥ ✇❛s
❛♥❛❧②s❡❞✱ ❛♥❞ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ r❡s✐❞✉❡s✳
▼♦❧ ❈❤❛✐♥ ❆♥❛❧②s❡❞ ❋❛✈♦✉r❡❞ ❆❧❧♦✇❡❞ ❖✉t❧✐❡rs P❡r❝❡♥t✐❧❡s
✶ ❆ ✶✽✵✴✶✽✷ ✭✾✾✪✮ ✶✼✼ ✭✾✽✪✮ ✸ ✭✷✪✮ ✵ ✶✵✵ ✶✵✵
✷ ❇ ✶✾✶✴✶✾✵ ✭✶✵✵✪✮ ✶✽✷ ✭✾✺✪✮ ✽ ✭✹✪✮ ✶ ✭✵✪✮ ✸✹ ✷✻
✸ ❈ ✶✾✸✴✶✾✺ ✭✾✾✪✮ ✶✽✷ ✭✾✹✪✮ ✾ ✭✺✪✮ ✷ ✭✶✪✮ ✶✾ ✶✶
✹ ❉ ✷✹✷✴✷✹✷ ✭✶✵✵✪✮ ✷✸✽ ✭✾✽✪✮ ✹ ✭✷✪✮ ✵ ✶✵✵ ✶✵✵
✺ ❏ ✾✴✶✶ ✭✽✷✪✮ ✾ ✭✶✵✵✪✮ ✵ ✵ ✶✵✵ ✶✵✵
❆❧❧ ❆❧❧ ✽✶✺✴✽✷✵ ✭✾✾✪✮ ✼✽✽ ✭✾✼✪✮ ✷✹ ✭✸✪✮ ✸ ✭✵✪✮ ✸✾ ✸✸
❆❧❧ ✭✸✮ ❘❛♠❛❝❤❛♥❞r❛♥ ♦✉t❧✐❡rs ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✿
▼♦❧ ❈❤❛✐♥ ❘❡s ❚②♣❡
✸ ❈ ✶✹✷ ❆❙P
✸ ❈ ✶✹✸ ❙❊❘
✷ ❇ ✶✵✾ ▲❊❯
✺✳✸✳✷ Pr♦t❡✐♥ s✐❞❡❝❤❛✐♥s ✐❖
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ P❡r❝❡♥t✐❧❡s ❝♦❧✉♠♥ s❤♦✇s t❤❡ ♣❡r❝❡♥t s✐❞❡❝❤❛✐♥ ♦✉t❧✐❡rs ♦❢ t❤❡ ❝❤❛✐♥ ❛s ❛
♣❡r❝❡♥t✐❧❡ s❝♦r❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ ❳✲r❛② ❡♥tr✐❡s ❢♦❧❧♦✇❡❞ ❜② t❤❛t ✇✐t❤ r❡s♣❡❝t t♦ ❡♥tr✐❡s ♦❢ s✐♠✐❧❛r
r❡s♦❧✉t✐♦♥✳
❚❤❡ ❆♥❛❧②s❡❞ ❝♦❧✉♠♥ s❤♦✇s t❤❡ ♥✉♠❜❡r ♦❢ r❡s✐❞✉❡s ❢♦r ✇❤✐❝❤ t❤❡ s✐❞❡❝❤❛✐♥ ❝♦♥❢♦r♠❛t✐♦♥ ✇❛s
❛♥❛❧②s❡❞✱ ❛♥❞ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ r❡s✐❞✉❡s✳
▼♦❧ ❈❤❛✐♥ ❆♥❛❧②s❡❞ ❘♦t❛♠❡r✐❝ ❖✉t❧✐❡rs P❡r❝❡♥t✐❧❡s
✶ ❆ ✶✻✻✴✶✻✻ ✭✶✵✵✪✮ ✶✻✸ ✭✾✽✪✮ ✸ ✭✷✪✮ ✻✻ ✻✾
✷ ❇ ✶✼✷✴✶✼✺ ✭✾✽✪✮ ✶✻✾ ✭✾✽✪✮ ✸ ✭✷✪✮ ✻✽ ✼✶
✸ ❈ ✶✼✵✴✶✼✹ ✭✾✽✪✮ ✶✻✽ ✭✾✾✪✮ ✷ ✭✶✪✮ ✼✽ ✽✶
✹ ❉ ✷✶✷✴✷✶✵ ✭✶✵✶✪✮ ✷✵✹ ✭✾✻✪✮ ✽ ✭✹✪✮ ✹✵ ✸✻
✺ ❏ ✶✵✴✶✵ ✭✶✵✵✪✮ ✶✵ ✭✶✵✵✪✮ ✵ ✶✵✵ ✶✵✵
❈♦♥t✐♥✉❡❞ ♦♥ ♥❡①t ♣❛❣❡✳✳✳
P❛❣❡ ✶✵ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
❈♦♥t✐♥✉❡❞ ❢r♦♠ ♣r❡✈✐♦✉s ♣❛❣❡✳✳✳
▼♦❧ ❈❤❛✐♥ ❆♥❛❧②s❡❞ ❘♦t❛♠❡r✐❝ ❖✉t❧✐❡rs P❡r❝❡♥t✐❧❡s
❆❧❧ ❆❧❧ ✼✸✵✴✼✸✺ ✭✾✾✪✮ ✼✶✹ ✭✾✽✪✮ ✶✻ ✭✷✪✮ ✻✶ ✻✷
❆❧❧ ✭✶✻✮ r❡s✐❞✉❡s ✇✐t❤ ❛ ♥♦♥✲r♦t❛♠❡r✐❝ s✐❞❡❝❤❛✐♥ ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✿
▼♦❧ ❈❤❛✐♥ ❘❡s ❚②♣❡
✶ ❆ ✶✶ ❆❙◆
✶ ❆ ✶✷✾ ❚❍❘
✶ ❆ ✶✻✵ ❙❊❘
✷ ❇ ✶✵✹ ❙❊❘
✷ ❇ ✶✻✸ ▼❊❚
✷ ❇ ✶✽✶ ●▲◆
✸ ❈ ✶✷✾ ❆❙P
✸ ❈ ✶✹✹ ▲❨❙
✹ ❉ ✶✸ ❚❍❘
✹ ❉ ✼✵ ❆❙◆
✹ ❉ ✶✷✽ ●▲❯
✹ ❉ ✶✻✼❬❆❪ ❍■❙
✹ ❉ ✶✻✼❬❇❪ ❍■❙
✹ ❉ ✷✸✸ ❆❙◆
✹ ❉ ✷✸✹ ❆❙P
✹ ❉ ✷✺✼ ❆❙P
❙♦♠❡ s✐❞❡❝❤❛✐♥s ❝❛♥ ❜❡ ✢✐♣♣❡❞ t♦ ✐♠♣r♦✈❡ ❤②❞r♦❣❡♥ ❜♦♥❞✐♥❣ ❛♥❞ r❡❞✉❝❡ ❝❧❛s❤❡s✳ ❚❤❡r❡ ❛r❡ ♥♦
s✉❝❤ s✐❞❡❝❤❛✐♥s ✐❞❡♥t✐✜❡❞✳
✺✳✸✳✸ ❘◆❆ ✐❖
❚❤❡r❡ ❛r❡ ♥♦ ❘◆❆ ♠♦❧❡❝✉❧❡s ✐♥ t❤✐s ❡♥tr②✳
✺✳✹ ◆♦♥✲st❛♥❞❛r❞ r❡s✐❞✉❡s ✐♥ ♣r♦t❡✐♥✱ ❉◆❆✱ ❘◆❆ ❝❤❛✐♥s ✐❖
❚❤❡r❡ ❛r❡ ♥♦ ♥♦♥✲st❛♥❞❛r❞ ♣r♦t❡✐♥✴❉◆❆✴❘◆❆ r❡s✐❞✉❡s ✐♥ t❤✐s ❡♥tr②✳
✺✳✺ ❈❛r❜♦❤②❞r❛t❡s ✐❖
❚❤❡r❡ ❛r❡ ♥♦ ❝❛r❜♦❤②❞r❛t❡s ✐♥ t❤✐s ❡♥tr②✳
P❛❣❡ ✶✶ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
✺✳✻ ▲✐❣❛♥❞ ❣❡♦♠❡tr② ✐❖
❖❢ ✷ ❧✐❣❛♥❞s ♠♦❞❡❧❧❡❞ ✐♥ t❤✐s ❡♥tr②✱ ✶ ✐s ♠♦❞❡❧❧❡❞ ✇✐t❤ s✐♥❣❧❡ ❛t♦♠ ✲ ❧❡❛✈✐♥❣ ✶ ❢♦r ▼♦❣✉❧ ❛♥❛❧②✲
s✐s✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ ❈♦✉♥ts ❝♦❧✉♠♥s ❧✐st t❤❡ ♥✉♠❜❡r ♦❢ ❜♦♥❞s ✭♦r ❛♥❣❧❡s✮ ❢♦r ✇❤✐❝❤ ▼♦❣✉❧
st❛t✐st✐❝s ❝♦✉❧❞ ❜❡ r❡tr✐❡✈❡❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦♥❞s ✭♦r ❛♥❣❧❡s✮ t❤❛t ❛r❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❛♥❞
t❤❡ ♥✉♠❜❡r ♦❢ ❜♦♥❞s ✭♦r ❛♥❣❧❡s✮ t❤❛t ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝❤❡♠✐❝❛❧ ❝♦♠♣♦♥❡♥t ❞✐❝t✐♦♥❛r②✳ ❚❤❡ ▲✐♥❦
❝♦❧✉♠♥ ❧✐sts ♠♦❧❡❝✉❧❡ t②♣❡s✱ ✐❢ ❛♥②✱ t♦ ✇❤✐❝❤ t❤❡ ❣r♦✉♣ ✐s ❧✐♥❦❡❞✳ ❚❤❡ ❩ s❝♦r❡ ❢♦r ❛ ❜♦♥❞ ❧❡♥❣t❤
✭♦r ❛♥❣❧❡✮ ✐s t❤❡ ♥✉♠❜❡r ♦❢ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡ ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❡①♣❡❝t❡❞
✈❛❧✉❡✳ ❆ ❜♦♥❞ ❧❡♥❣t❤ ✭♦r ❛♥❣❧❡✮ ✇✐t❤ |Z| > 2 ✐s ❝♦♥s✐❞❡r❡❞ ❛♥ ♦✉t❧✐❡r ✇♦rt❤ ✐♥s♣❡❝t✐♦♥✳ ❘▼❙❩ ✐s
t❤❡ r♦♦t✲♠❡❛♥✲sq✉❛r❡ ♦❢ ❛❧❧ ❩ s❝♦r❡s ♦❢ t❤❡ ❜♦♥❞ ❧❡♥❣t❤s ✭♦r ❛♥❣❧❡s✮✳
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❇♦♥❞ ❧❡♥❣t❤s ❇♦♥❞ ❛♥❣❧❡s
❈♦✉♥ts ❘▼❙❩ ★|Z| > 2 ❈♦✉♥ts ❘▼❙❩ ★|Z| > 2
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■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ ❈❤✐r❛❧s ❝♦❧✉♠♥ ❧✐sts t❤❡ ♥✉♠❜❡r ♦❢ ❝❤✐r❛❧ ♦✉t❧✐❡rs✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝❤✐r❛❧
❝❡♥t❡rs ❛♥❛❧②s❡❞✱ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡s❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ♥✉♠❜❡r ❞❡✜♥❡❞ ✐♥ t❤❡ ❝❤❡♠✐❝❛❧
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P❛❣❡ ✶✷ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
✺✳✽ P♦❧②♠❡r ❧✐♥❦❛❣❡ ✐ss✉❡s ✐❖
❚❤❡r❡ ❛r❡ ♥♦ ❝❤❛✐♥ ❜r❡❛❦s ✐♥ t❤✐s ❡♥tr②✳
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✻ ❋✐t ♦❢ ♠♦❞❡❧ ❛♥❞ ❞❛t❛ ✐❖
✻✳✶ Pr♦t❡✐♥✱ ❉◆❆ ❛♥❞ ❘◆❆ ❝❤❛✐♥s ✐❖
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ ❝♦❧✉♠♥ ❧❛❜❡❧❧❡❞ ❵★❘❙❘❩> 2✬ ❝♦♥t❛✐♥s t❤❡ ♥✉♠❜❡r ✭❛♥❞ ♣❡r❝❡♥t❛❣❡✮
♦❢ ❘❙❘❩ ♦✉t❧✐❡rs✱ ❢♦❧❧♦✇❡❞ ❜② ♣❡r❝❡♥t ❘❙❘❩ ♦✉t❧✐❡rs ❢♦r t❤❡ ❝❤❛✐♥ ❛s ♣❡r❝❡♥t✐❧❡ s❝♦r❡s r❡❧❛t✐✈❡ t♦
❛❧❧ ❳✲r❛② ❡♥tr✐❡s ❛♥❞ ❡♥tr✐❡s ♦❢ s✐♠✐❧❛r r❡s♦❧✉t✐♦♥✳ ❚❤❡ ❖❲❆❇ ❝♦❧✉♠♥ ❝♦♥t❛✐♥s t❤❡ ♠✐♥✐♠✉♠✱
♠❡❞✐❛♥✱ ✾✺th ♣❡r❝❡♥t✐❧❡ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ t❤❡ ♦❝❝✉♣❛♥❝②✲✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ❇✲❢❛❝t♦r ♣❡r
r❡s✐❞✉❡✳ ❚❤❡ ❝♦❧✉♠♥ ❧❛❜❡❧❧❡❞ ❵◗< 0.9✬ ❧✐sts t❤❡ ♥✉♠❜❡r ♦❢ ✭❛♥❞ ♣❡r❝❡♥t❛❣❡✮ ♦❢ r❡s✐❞✉❡s ✇✐t❤ ❛♥
❛✈❡r❛❣❡ ♦❝❝✉♣❛♥❝② ❧❡ss t❤❛♥ 0.9✳
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■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ ❆t♦♠s ❝♦❧✉♠♥ ❧✐sts t❤❡ ♥✉♠❜❡r ♦❢ ♠♦❞❡❧❧❡❞ ❛t♦♠s ✐♥ t❤❡ ❣r♦✉♣ ❛♥❞ t❤❡
♥✉♠❜❡r ❞❡✜♥❡❞ ✐♥ t❤❡ ❝❤❡♠✐❝❛❧ ❝♦♠♣♦♥❡♥t ❞✐❝t✐♦♥❛r②✳ ▲▲❉❋ ❝♦❧✉♠♥ ❧✐sts t❤❡ q✉❛❧✐t② ♦❢ ❡❧❡❝tr♦♥
❞❡♥s✐t② ♦❢ t❤❡ ❣r♦✉♣ ✇✐t❤ r❡s♣❡❝t t♦ ✐ts ♥❡✐❣❤❜♦✉r✐♥❣ r❡s✐❞✉❡s ✐♥ ♣r♦t❡✐♥✱ ❉◆❆ ♦r ❘◆❆ ❝❤❛✐♥s✳
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❙♦♠❡ s✐❞❡❝❤❛✐♥s ❝❛♥ ❜❡ ✢✐♣♣❡❞ t♦ ✐♠♣r♦✈❡ ❤②❞r♦❣❡♥ ❜♦♥❞✐♥❣ ❛♥❞ r❡❞✉❝❡ ❝❧❛s❤❡s✳ ❆❧❧ ✭✻✮ s✉❝❤
s✐❞❡❝❤❛✐♥s ❛r❡ ❧✐st❡❞ ❜❡❧♦✇✿
▼♦❧ ❈❤❛✐♥ ❘❡s ❚②♣❡
✷ ❇ ✶✸✹ ❆❙◆
✷ ❇ ✶✺✻ ●▲◆
✸ ❉ ✻✹ ●▲◆
✸ ❉ ✶✺✻ ●▲◆
✺ ❋ ✶✸✷ ❆❙◆
✻ ● ✶✶✹ ❆❙◆
✺✳✸✳✸ ❘◆❆ ✐❖
❚❤❡r❡ ❛r❡ ♥♦ ❘◆❆ ♠♦❧❡❝✉❧❡s ✐♥ t❤✐s ❡♥tr②✳
P❛❣❡ ✶✽ Pr❡❧✐♠✐♥❛r② ❋✉❧❧ ✇✇P❉❇ ❳✲r❛② ❙tr✉❝t✉r❡ ❱❛❧✐❞❛t✐♦♥ ❘❡♣♦rt ■◆P❯❚❴❋■▲❊❴✶
✺✳✹ ◆♦♥✲st❛♥❞❛r❞ r❡s✐❞✉❡s ✐♥ ♣r♦t❡✐♥✱ ❉◆❆✱ ❘◆❆ ❝❤❛✐♥s ✐❖
❚❤❡r❡ ❛r❡ ♥♦ ♥♦♥✲st❛♥❞❛r❞ ♣r♦t❡✐♥✴❉◆❆✴❘◆❆ r❡s✐❞✉❡s ✐♥ t❤✐s ❡♥tr②✳
✺✳✺ ❈❛r❜♦❤②❞r❛t❡s ✐❖
❚❤❡r❡ ❛r❡ ♥♦ ❝❛r❜♦❤②❞r❛t❡s ✐♥ t❤✐s ❡♥tr②✳
✺✳✻ ▲✐❣❛♥❞ ❣❡♦♠❡tr② ✐❖
❖❢ ✽ ❧✐❣❛♥❞s ♠♦❞❡❧❧❡❞ ✐♥ t❤✐s ❡♥tr②✱ ✹ ❛r❡ ♠♦❞❡❧❧❡❞ ✇✐t❤ s✐♥❣❧❡ ❛t♦♠ ✲ ❧❡❛✈✐♥❣ ✹ ❢♦r ▼♦❣✉❧ ❛♥❛❧②✲
s✐s✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ ❈♦✉♥ts ❝♦❧✉♠♥s ❧✐st t❤❡ ♥✉♠❜❡r ♦❢ ❜♦♥❞s ✭♦r ❛♥❣❧❡s✮ ❢♦r ✇❤✐❝❤ ▼♦❣✉❧
st❛t✐st✐❝s ❝♦✉❧❞ ❜❡ r❡tr✐❡✈❡❞✱ t❤❡ ♥✉♠❜❡r ♦❢ ❜♦♥❞s ✭♦r ❛♥❣❧❡s✮ t❤❛t ❛r❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❛♥❞
t❤❡ ♥✉♠❜❡r ♦❢ ❜♦♥❞s ✭♦r ❛♥❣❧❡s✮ t❤❛t ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❝❤❡♠✐❝❛❧ ❝♦♠♣♦♥❡♥t ❞✐❝t✐♦♥❛r②✳ ❚❤❡ ▲✐♥❦
❝♦❧✉♠♥ ❧✐sts ♠♦❧❡❝✉❧❡ t②♣❡s✱ ✐❢ ❛♥②✱ t♦ ✇❤✐❝❤ t❤❡ ❣r♦✉♣ ✐s ❧✐♥❦❡❞✳ ❚❤❡ ❩ s❝♦r❡ ❢♦r ❛ ❜♦♥❞ ❧❡♥❣t❤
✭♦r ❛♥❣❧❡✮ ✐s t❤❡ ♥✉♠❜❡r ♦❢ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡ ✐s r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❡①♣❡❝t❡❞
✈❛❧✉❡✳ ❆ ❜♦♥❞ ❧❡♥❣t❤ ✭♦r ❛♥❣❧❡✮ ✇✐t❤ |Z| > 2 ✐s ❝♦♥s✐❞❡r❡❞ ❛♥ ♦✉t❧✐❡r ✇♦rt❤ ✐♥s♣❡❝t✐♦♥✳ ❘▼❙❩ ✐s
t❤❡ r♦♦t✲♠❡❛♥✲sq✉❛r❡ ♦❢ ❛❧❧ ❩ s❝♦r❡s ♦❢ t❤❡ ❜♦♥❞ ❧❡♥❣t❤s ✭♦r ❛♥❣❧❡s✮✳
▼♦❧ ❚②♣❡ ❈❤❛✐♥ ❘❡s ▲✐♥❦
❇♦♥❞ ❧❡♥❣t❤s ❇♦♥❞ ❛♥❣❧❡s
❈♦✉♥ts ❘▼❙❩ ★|Z| > 2 ❈♦✉♥ts ❘▼❙❩ ★|Z| > 2
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■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ ❈❤✐r❛❧s ❝♦❧✉♠♥ ❧✐sts t❤❡ ♥✉♠❜❡r ♦❢ ❝❤✐r❛❧ ♦✉t❧✐❡rs✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝❤✐r❛❧
❝❡♥t❡rs ❛♥❛❧②s❡❞✱ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡s❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ♥✉♠❜❡r ❞❡✜♥❡❞ ✐♥ t❤❡ ❝❤❡♠✐❝❛❧
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❚❤❡r❡ ❛r❡ ♥♦ s✉❝❤ r❡s✐❞✉❡s ✐♥ t❤✐s ❡♥tr②✳
✺✳✽ P♦❧②♠❡r ❧✐♥❦❛❣❡ ✐ss✉❡s ✐❖
❚❤❡r❡ ❛r❡ ♥♦ ❝❤❛✐♥ ❜r❡❛❦s ✐♥ t❤✐s ❡♥tr②✳
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✻ ❋✐t ♦❢ ♠♦❞❡❧ ❛♥❞ ❞❛t❛ ✐❖
✻✳✶ Pr♦t❡✐♥✱ ❉◆❆ ❛♥❞ ❘◆❆ ❝❤❛✐♥s ✐❖
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡✱ t❤❡ ❝♦❧✉♠♥ ❧❛❜❡❧❧❡❞ ❵★❘❙❘❩> 2✬ ❝♦♥t❛✐♥s t❤❡ ♥✉♠❜❡r ✭❛♥❞ ♣❡r❝❡♥t❛❣❡✮
♦❢ ❘❙❘❩ ♦✉t❧✐❡rs✱ ❢♦❧❧♦✇❡❞ ❜② ♣❡r❝❡♥t ❘❙❘❩ ♦✉t❧✐❡rs ❢♦r t❤❡ ❝❤❛✐♥ ❛s ♣❡r❝❡♥t✐❧❡ s❝♦r❡s r❡❧❛t✐✈❡ t♦
❛❧❧ ❳✲r❛② ❡♥tr✐❡s ❛♥❞ ❡♥tr✐❡s ♦❢ s✐♠✐❧❛r r❡s♦❧✉t✐♦♥✳ ❚❤❡ ❖❲❆❇ ❝♦❧✉♠♥ ❝♦♥t❛✐♥s t❤❡ ♠✐♥✐♠✉♠✱
♠❡❞✐❛♥✱ ✾✺th ♣❡r❝❡♥t✐❧❡ ❛♥❞ ♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ t❤❡ ♦❝❝✉♣❛♥❝②✲✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ❇✲❢❛❝t♦r ♣❡r
r❡s✐❞✉❡✳ ❚❤❡ ❝♦❧✉♠♥ ❧❛❜❡❧❧❡❞ ❵◗< 0.9✬ ❧✐sts t❤❡ ♥✉♠❜❡r ♦❢ ✭❛♥❞ ♣❡r❝❡♥t❛❣❡✮ ♦❢ r❡s✐❞✉❡s ✇✐t❤ ❛♥
❛✈❡r❛❣❡ ♦❝❝✉♣❛♥❝② ❧❡ss t❤❛♥ 0.9✳
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